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Chapter 1

Introduction

1.1 Strong Form and Variational Form

The finite element method is a scheme for the numerical solution of partial differential equations.
In this chapter, we introduce the basic concepts for elliptic problems in the frame of the Riesz
theorem. To that end, we consider the most standard example, namely the Poisson equation with
mixed Dirichlet-Neumann boundary conditions. We aim to solve

—Au=f in €,
u=0 onIp, (1.1)

ou/on=¢ onTy,
which is said to be the strong form of the boundary value problem. Here, €2 denotes a domain
in R?, d = 2,3. The boundary I' := 9Q is split into the Dirichlet boundary I'p and the Neumann
boundary I'y, respectively. To be more precise, we assume that I'p and I'y are (relatively) open

subsets of I' with Tp NIy = @ and ' = Tp UTy. The source term f : © — R as well as the
Neumann data ¢ : I'y — R are given, and u : £ — R is the unknown solution. Moreover,

4. 9%
Au(z) =) —(z) (1.2)
= 837]2-

denotes the Laplace operator, which is defined in the classical sense for a function u € C?(Q), where
CHQ) = {w|g|w € C*FRY}. If u € C*(Q) solves (1.1), u is said to be a strong solution of the
mixed boundary value problem.

Throughout the lecture, we shall assume that € is a Lipschitz domain in R i.e.,

e Q is a bounded, open, and connected subset of R,
e (2 is locally on one side of T',
e I can locally be parametrized by Lipschitz continuous functions.

An important consequence of this assumption is the validity of the integration by parts formula

ou ov —
vda:—l—/udx:/uvn-ds for all u,v € CY(Q), 1.3
| vt [ ugde = [uon, @ (13)
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where n; denotes the j-th component of the outer normal vector of €2 on I' and where ds denotes
the surface measure on I'. For a precise definition and details, we refer e.g., to [McL.

Let u € C?(Q) be a strong solution of (1.1) and v € CH(Q) := {w € C'(Q) |w[r, = 0}.
Multiplication of —Awu = f by v, integration over €2, and 1ntegrat10n by parts yield that

d

/fvdx—/(Au)vdx—zd: aqude[ %&)d:):—/auvnds}
0 0 = o 03 = o Oz O0x; rox; |

With z -y = Z =1 T5Y; the usual scalar product in R%, we obtain the first Green formula

/fvdx:/Vu-Vvd:c—/auvds, (1.4)
Q Q r on

where we have used Vu-n = du/dn. Together with v|r, =0 and I'y = I'\T'p, we may plug-in the
Neumann data to see that

/fvdx—/Vu Vvda:—/ vds-/Vu~Vvdx— ov ds.
ry 0 Q Ty

Altogether we thus have proven the following proposition:

Proposition 1.1. Let u € C?(2) solve the strong form (1.1). Then, it holds that
/ Vu‘Vvda::/ fodzr + pvds for allv € CH(), (1.5)
Q Q I'n

which is the variational form of the boundary value problem (1.1). |

This proposition gives a necessary condition for a function u to solve the strong form (1.1).
We stress that any strong solution belongs to C5(Q) and that the variational form (1.5) can be
understood for u € CL(Q). This leads to a symmetric variational formulation: Find u € CL(Q)
such that (1.5) holds.

Ezxercise 1. Prove the following well-known integral formulae:

e For f € C1(Q)?, let div f := 2?21 37}3 denote the divergence operators. Then, there

holds the Gauss divergence theorem
/ div fdz = / f-nds forall f e CH Q)™ (1.6)
Q r
e Besides the first Green formula, there holds the second Green formula

/( Au) vd:v+/vd8—/ —Av) dw+/uds for all u,v € C*(Q). (1.7)
Q

Both are easily obtained from the integration by parts formula. O
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1.2 Solvability of Variational Form

To look for solutions of the weak form (1.5), we will employ the following Riesz theorem.

Theorem 1.2 (Riesz). For a Hilbert space H (over R), the mapping
Igy:H — H", Ig(u):=(u;-)n (1.8)
is linear, isometric, and bijective, i.e., for any F' € H* there is a unique u € H such that
(u;v)g =F(v) forallveH. (1.9)

Moreover, it holds that ||ul|g = || F| m+. [

First, we observe that the left-hand side
(u;v):= / Vu - Voudx
Q

of the variational form (1.5) defines a scalar product on C}(Q), provided the Dirichlet boundary
I'p is nontrivial: Clearly, (u ; v) is a symmetric bilinear form on Cll) (€2). It thus only remains to
prove definiteness. Note that 0 = (u ; u) = HVUH%Q(Q) implies Vu = 0, whence u is constant in 2.
Together with u|r, = 0, this proves u = 0. Moreover, the right-hand side

F(v) ::/vadzn—i— g pvds

defines a linear functional on C}(€2) which is continuous with respect to the induced norm ||v|| :=
(v; ’U)l/ 2. We prove this claim only in the special situation I' = I'p and postpone the abstract
proof to a subsequent section.

Lemma 1.3 (Friedrichs’ inequality).  Suppose that Q = [a,b] x [¢,d] C R? and T'p = 9.
Then, it holds that ||v||r2(q) < diam(Q2) [[Vv[12(q) for all v € CL().

Proof. For x = (z1,22) € Q, it holds that v(z1,c¢) = 0. Therefore, the fundamental theorem of
calculus yields that

v(x) = /12 Orv(z1,t) dt.

The Holder inequality yields that

2 1/2
o)l <ld— e ([ owtar 0P a)
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Integration over §2 gives

T2
olZaq = / ()2 < |d — ] / / Bgu(a, 6)? dt do
Q QJe

d b T2
:|d—cy/// 1Oy(a1, 1) di davy dvs

d
<ld—dl [ owlfs doo
= |d = ¢*||820] 72 (qy)-
This results in [|v||z2(q) < |d — ] [|02v]|2(0) < diam(Q) |Vl r2(q)- [

According to the Holder and the Friedrichs inequality, we obtain that

[F@) < [ fll2@llvllr2@) < diam(Q)[[f[ 2@ Vol L2(o) = diam(Q)[[ £]| L2 llv]]-

Therefore, the linear functional F' is continuous with respect to || - || := [|[V(-)||z2(q) with operator
norm || F||. < diam(Q)]|f]l12(q)- If CH(€2) associated with the norm || - || were a Hilbert space, the
Riesz theorem would therefore imply the unique solvability of the variational form (1.5). However,
CH(Q) is not complete and therefore the Riesz theorem does not apply.

The remedy is to consider the (unique) completion of CL(Q) with respect to || - ||. This leads to
a so-called Sobolev space H%,(Q), which is —by definition— complete and hence a Hilbert space.
Density arguments then lead to an extended variational form: Find u € H}(€2) such that

/vu-vvdx:/fudx+ pvds for all v € HH(Q), (1.10)
Q Q I'n

which is the weak form of the boundary value problem (1.1). Now, the Riesz theorem applies and
proves the unique existence of a weak solution u € H}(Q2) of (1.10). Later on, we are going to
show that

e cach strong solution u € C%(€2) of (1.1) belongs to H},(£2) and is also the unique weak solution
of (1.10).

e provided the weak solution v € H} () is smooth, i.e., u € C%(Q2), the weak solution also
solves the strong form (1.1).

In this sense, the strong form (1.1) and the weak form (1.10) are equivalent.

1.3 Finite Element Method

The finite element method for (1.10) essentially consists of replacing the (infinite dimensional)
Sobolev space H#(2) by a finite dimensional subspace X;, C H1,(Q): Find uy, € X, such that

/ Vuy, - Vup dr = / fop dx +/ ovy ds for all vy, € X, (1.11)
Q Q 'y
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This problem is equivalent to the solution of a system of linear equations Ax = b, where the system
matrix A is symmetric and positive definite. Of course, the question of convergence depends on
the choice of X;. Thus, there remain some topics for mathematical discussions later on.

The finite element method is a special Galerkin scheme. In this section, we collect the most
simple properties of Galerkin schemes. Throughout, H is a (real) Hilbert space, and (- ; -) is an
equivalent scalar product on H, i.e., there are constants «, 8 > 0 such that

allvl|lg < ||| < Bllvl|lg  for all v € H, (1.12)
where [|v|| := (v ; v)/? denotes the induced norm. We stress that (- ; -) and || - || are often called
energy scalar product and energy norm, respectively (see also Exercise 5).

Remark. In the following, we state all results with respect to the norm || - ||z, which involves
the constants «, 5 > 0. Analogously, one may state the results with respect to the energy norm
Il -l = Il - llzr, which corresponds to o = § = 1. 0

For given F' € H*, the Riesz theorem proves the existence and uniqueness of a solution u € H
of

(u;v) =F(v) forallveH, (1.13)
for what we use the short-hand notation
(u;-)=FeH" (1.14)

to implicitly indicate that this equation holds (pointwise) for all v € H. Now, the Galerkin method
simply consists in replacing the continuous space H by some finite dimensional subspace: Let X}
be a finite-dimensional (and hence closed) subspace of H. Since the Riesz theorem applies to the
Hilbert space X}, as well, there is a unique Galerkin solution uy := Gpu € X, such that

(Gpu;-) =F € X;. (1.15)
For uw € H and the corresponding functional (u ; -) € H*, this defines the Galerkin projection
Gy : H — X}, where Gpu € Xj, solves  (Gpu;-) = (u; ) € Xj. (1.16)
Note that Gpu € X}, is characterized by the Galerkin orthogonality
(u—Gpu;v) =0 forall vy € Xp. (1.17)

Before we proceed with the theoretical analysis of Galerkin schemes, we treat an implementational
issue. The following theorem is the fundamental observation: Usually, only the scalar product
(- ;-) and the right-hand side F' € H* are known, while the exact solution v € H of (1.13) is
unknown. Then, the Galerkin solution Gpu € Xj can be computed by solving a linear system of
equations — without knowledge of u.

Theorem 1.4. Let {¢1,...,6x} be a basis of Xj,. We define the Galerkin matriz A € RV*N
and the vector b € RN by

Aji = (or; ¢5) and b= F(¢;). (1.18)
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Then, A is symmetric and positive definite and, in particular, a reqular matriz. Moreover,
there holds Gru = Zjvzl xj¢;, where the vector x € RN solves Az = b.

Proof. 1. step. Symmetry of A clearly follows from the symmetry of (- ; -).
2. step. For any z € RY and vy, := Zjvzl xj¢;, it holds that

N
lonll® = (on s on) = Y wjaa(d; ; dx) = 2 - Az.

jk=1

This proves Ax - x > 0 for all  # 0. By definition, A is positive definite and hence regular.
3. step. Determine Galerkin solution: Let x € R™ be the unique solution of the linear Galerkin

system Ax = b. We use the basis representation Gpu = Zé\;l y;¢; of the Galerkin solution with
some coefficient vector y € R™. By use of the linearity of (- ; -), equation (1.15) becomes

N
br = F(¢r) = (Gnus o) = > _uj{es 5 o) = (Ay)p forallk=1,...,N.

=1

Therefore, the coefficient vector y € RY satisfies Ay = b. This proves z = y, i.e., we obtain Gju
by solving Az = b. |

Remark. We just remark that Theorem 1.4 can be applied for any orthogonal-type projection,
e.g., the L2-orthogonal projection onto a discrete space. O

We now proceed with the abstract analysis of Galerkin schemes. The following two lemmata
provide elementary properties of the Galerkin projection. The first lemma proves stability of the
method with respect to changes of the right-hand side F'.

Lemma 1.5. The Galerkin projection Gy, is a linear and continuous projection onto X, with
|Grul|lg < g lullg  for allu € H, (1.19)

where a,, B > 0 are the norm equivalence constants from (1.12). Moreover, Gy, is the orthogonal
projection onto Xy, with respect to the energy scalar product (- ; -).

Proof. For up € Xp,, the Galerkin orthogonality (1.17) implies Gpup = up. Therefore Gy, is a
projection onto Xj. Also the linearity of G;, follows from the Galerkin orthogonality (1.17). To see
the continuity of Gy, it remains to estimate the operator norm: For v € H holds

IGrull® = (Ghru ; Ghu) = (u; Gru) < [lull|Ghull,
whence ||Gpu| < ||u|| and
ol|Gpullp < ||Gpull < [lull < Bllulla,

where we have used the norm equivalence (1.12) on H as well as the Cauchy inequality for the
scalar product (- ; -). This proves that ||Gpul|lg < (a/f5)||u|z and thus continuity of Gy. Finally,

6
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we remark that the unique orthogonal projection with respect to (- ; -), is characterized by the
orthogonality relation (1.17). |

The following Céa lemma states that the Galerkin error ||u — Gpu| g is quasi-optimal, i.e.,
it behaves like the best approximation error up to multiplicative constants, which depend only on
the continuous setting but not on Xj,.

Lemma 1.6 (Céa). The Galerkin error is quasi-optimal, i.e.,
lu — Gru|lg < s min |u—ovpllg  for allu e H, (1.20)
a vpeXy

where o, 8 > 0 are the norm equivalence constants from (1.12). With respect to the energy
norm, it holds that

lw — Gpul| = min |Ju— vy for allu € H, (1.21)
v EXp

i.e., the Galerkin solution Gpu is the best approximation of u with respect to the energy norm.

Proof. For arbitrary vy, € Xj, the Galerkin orthogonality (1.17) proves that
llu = Grull® = (u— Ghu s u—wvn) < llu—Grullllu —wpll,

which yields (1.21) with an infimum on the right-hand side. Of course, the minimum in (1.21) is
attained for vy, = Gpu. With the same arguments as in the proof of the last lemma, we even see

that
allu — Gpullg < lu — Gpull < Jlu— vl < Bllw —vallm,

which implies (1.20) with an infimum on the right-hand side. This minimum is attained for v;, =
IMpu with I, : X — X}, being the orthogonal projection onto X} with respect to || - || z. |

Ezxercise 2. Let X be a normed vector space over R and X;, C X be a finite dimensional
subspace of X. Then, for any x € X, there exists some (not necessarily unique) z;, € Xj such
that

|z —znlx = min. |z — vrllx,

i.e., best approximation errors on finite dimensional spaces as in (1.20) are always attained.
Prove that the set of minimizers is convex, closed and bounded (and hence even compact). O

A major advantage of Galerkin methods is that one can prove convergence for any exact solution
u € H if one knows that smooth functions can be approximated well. In the following, think of the
subscript h > 0 as a mesh-size parameter with corresponding finite dimensional spaces Xp:
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Proposition 1.7. For all h > 0, let X} be a finite-dimensional subspace of H. We assume
that there is a dense subspace D of H with approximation property, namely

lim min |jv— =0 llveD. 1.22
lim, min v —vn[|m for all v (1.22)

Then, for any uw € H, it holds that
lim ||u — Gpul|lg =0, (1.23)
h—0

i.e., the sequence of Galerkin solutions converges to the exact solution u.

Proof. For v € D, the quasi-optimality (1.20) yields that

B . B .
lu — Grullg < o hin |u —vpllm < - ([lw = vl + min v —onllm)

We have to show that
3C > 0Ve > 03hg > 0Vh € (0,hg) |[u— Gpullg < Ce.

For ¢ > 0, let v € D with |lu — v||g < e. Choose hyg > 0 according to the approximation
assumption (1.23) so that min,, cx, ||[v — vpllg < € for all b € (0,hg). We thus finally obtain
|lu — Gpu|lg < 28e/a, which concludes the proof. [

Although the result of the preceding lemma seems to be very attractive, we stress, however,
that the convergence of a Galerkin scheme can be arbitrarily slow. We argue in the abstract setting:
If H is a separable Hilbert space, e.g., H is a Sobolev space, there is a countable orthonormal basis
{¢;|j € N}. Any u € H can be written as u = > 521 wj¢; with coefficients (2,) € £2. If we define
X, :=span{¢1,...,¢;}, it holds that

o0
: 2 _ 2
i |u—onllf = E Ly

VR E
h=<h j=k+1

Finally, the decay of the right-hand side can be very slow. One may think of, e.g., m? = j=049) for
any € > 0, so that the series converges but is — in the beginning — almost the divergent harmonic
series.

The following exercise shows that the approximation property (1.22) in particular implies that
the Hilbert space H has to be separable.

Exercise 3. Suppose that X is a normed space with finite dimensional subspaces X, C
Xyy1 C X for all £ € N. Suppose that D C X is a dense subspace such that, for all z € X,

lim min ||z — z¢||x = 0. (1.24)
l—o00 xp€Xy

Then, X is separable, i.e., there is a countable and dense subset M C X. O
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Ezxercise 4. Let X = (5 and X; := {(zn) € lc |z; = 0 for all j > ¢}. Prove that (1.24)
fails to hold for any dense subspace D. Note that this also follows if one proves that /., is not
separable. O

Remark. All foregoing results of this section hold (in a slightly modified form) in case that (- ; -)
only is a continuous and elliptic bilinear form on the Hilbert space H, i.e., in all proofs, one can
avoid to use the symmetry of (- ; -). O

The following exercise explains why ||- || is called energy norm. In many situations, the function
J(-) has the interpretation of a physical energy.

Ezxercise 5. Let (- ; -) be a scalar product on the Hilbert space H such that the norm || - ||
is equivalent to || - ||g. Let F € H* and u € H. Then, the following assertions are equivalent:

o (u;-)=FecHY

e J(u) =minJ(v), where J(v) := 5 (v;v) — F(v).
veH
In particular, the variational formulation is equivalent to energy minimization, and this result
also covers the discrete setting. Derive a formula for the energy error J(Gpu) — Ju), where
Gy, : H — X}, denotes the Galerkin projection. O

Finally, we comment on an extension of the concept of Galerkin schemes to some nonlinear
problems. We note that this framework does, in particular, cover the frame of the Lax—Milgram
lemma.

Ezxercise 6 (Main Theorem on Strongly Monotone Operators (Zarantonello ’60)).
Let H be a Hilbert space and A : H — H* be a Lipschitz continuous and strongly monotone
operator, i.e.,

|Au — Av| g < Ll|lu —v||g and (Au— Av;u—0)gexy > Ml|ju—v|% for all u,v € H

with constants L, M > 0 that only depend on A. Then, A is bijective. =~ Hint: Injectivity of
A follows from the monotonicity of A. To prove surjectivity, we apply a fixed point argument:
Let Iy : H— H*, Iz (u) := (u; -)g denote the Riesz mapping. For given F' € H* and a certain
choice of C' > 0, the mapping ®(u) := u — CI;'(Au — F) is a contraction on H. Therefore,
the Banach contraction theorem applies and provides a unique v € H with u = ®(u). O

Ezxercise 7 (Lemma of Lax—Milgram). Use Exercise 6 to derive the Lemma of Lax—
Milgram: Let H be a Hilbert space and a(-,-) be a continuous and elliptic bilinear form on H,
ie.,

a(u,v) < Llju||lg|lvllg and a(u,u) > M |ul|%, for all u,v € H,

where the constants L, M > 0 depend only on a(-,-). Then, given a right-hand side F € H*,
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there is a unique v € H with a(u, ) = F € H*. O

Exercise 8. Define the Galerkin method in the context of monotone operators: Under the
assumptions of Exercise 6, we aim to approximate the solution v € H of Au = F € H*.
How does the Galerkin method look like in this setting? Prove that the Galerkin operator
Gy : H — X}, onto a finite dimensional subspace X, C H is a well-defined (in general non-
linear) and Lipschitz-continuous projection, i.e., G% = Gy, with

Gru — Gyo|lg < C|lu—v||g for all u,v € H.
Céa lemma

|lu — Gpul|lg < C min |ju—v|lg forall u € H.
v EXp

Show that the constants C' > 0 depend only on A. O

FEzxercise 9. We stick with the setting of monotone operators from Exercise 7 and 8: How can
one compute the Galerkin approximation u;, = Gpu € Xp, of a solution w € H of Au = F € H*?
For N = dim X},, provide a (nonlinear) system of equations in R" which characterizes the
unique solution uy, = Gpu € Xp,. What happens if the operator A is linear? O

10



Chapter 2

Sobolev Spaces and Poisson Problem

2.1 Sobolev Spaces on Domains

This section briefly recalls the definition of Sobolev spaces H™(f2), for integer order m € Ny, on
domains Q@ C R? While this section requires € only to be open and connected, the following
sections will implicitly assume that €2 is a bounded Lipschitz domain.

Definition. A function u € L}, (Q) := {w : @ — R measurable } VK C Q compact w € L'(K)}
has a weak partial derivative d;u € L}, (), if the pair (u, d;u) satisfies the integration by parts
formula with smooth test functions that vanish on the boundary, i.e., it holds that

/ uw(0jv) de = — / (Oju)vdr  for all v € D(Q) := C°(Q). (2.1)
Q Q

Note that 0ju is (so far) only a symbol, whereas 0jv := dv/0x; is the classical j-th derivative of
v € D(2). We say that u € L}, () is weakly differentiable with weak gradient Vu € L} (),
if all weak derivatives Oju, for j = 1,...,d, exist. O

From the main theorem of calculus, we infer that the weak derivative is unique, if it exists.
Moreover, the weak derivative and the classical derivative coincide, if the classical derivative exists.

Theorem 2.1 (Fundamental Theorem of Calculus of Variations).  Let f € L}, .(Q)
satisfy fQ fvdx =0 for allv € D(QY). Then, it holds that f = 0 almost everywhere in Q. N

Remark. Note that C(Q) C L},.(Q). For f € C(f), the fundamental theorem of calculus of
variations can be proven by elementary calculus: Note that for any z € R% and any radius ¢ > 0,
there is a function ¢ € D(R?) such that {y € R?|¢(y) > 0} = U(z,e) := {y e R?| |z —y| < e};
see the following Exercise 10. Provided f € C(f2) with f(z) # 0 for some x € 2, we may assume
f(z) > 0. By continuity, there is a small radius ¢ > 0 such that U(z,e) C Q and that f(y) > 0
for all y € U(x,e). With the associated function 1) € D(2), we thus see that [, f¢dz > 0. Note
that this argument provides the (logically equivalent) contraposition of the fundamental theorem

of calculus of variations in the case of a continuous function f. O

11
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Ezercise 10. (i) Show that the following definition provides ¢ € C*°(R) with supp(¢) =
[—1,1]:

o(t) = {Sxp ( —-1/(1 - tQ)), for |t| < 1,

else.

(ii) For ¢ > 0 and = € R?, define the function v, - (y) := ¢(|z—y|?/e). Show that ¢, . € C=(R%)
with supp(¢,,.) = {y € R? ‘ |z —y| <e} and ¢, .(y) >0 for all y € {y € R? ‘ |z —y|<e}. O

Corollary 2.2. (i) The weak derivative Oju is unique, if it exists: If @u,(f)]\'a € L;,.(Q)
satisfy (2.1), it holds that Oju = Oju almost everywhere in Q.

(ii) A function u € C1(Q) is weakly differentiable, and the weak derivative coincides with the
classical derivative.

Proof. (i) It holds that [,(d;u — éjvu)fu dx = 0 for all v € D(2) and thus Jju — éjvu = 0 almost
everywhere in Q. (ii) follows from (i) and the integration by parts formula. [

A deeper result is the following, which is somehow, nevertheless, quite natural and expected.

Theorem 2.3. Ifu € L}OC(Q) is weakly differentiable with Vu = 0, then the function u is
constant, i.e., there is a constant ¢ € R such that v = ¢ almost everywhere in €. |

Definition. For m = 0, we define H%(Q) := L?(Q) as the classical Lebesgue space of square
integrable functions. For m = 1, the Sobolev space H!(Q) is defined by

H' () == {u € L*(Q) | u weakly differentiable, Vu € L*(Q)} (2.2)
and associated with the graph norm
lellrsqey = (lulaq) + 1VullF2i0) " (23)
Higher-order Sobolev spaces of integer order m € N may be defined inductively by
H™(Q) :={ue L*(Q) ’u weakly differentiable, Vu € Hm_l(Q)}, (2.4)
with associated norm

1/2
el grm ey = (lullZ2gqy + 1Vl 21 qy) > (2.5)

Remark. Clearly, C*(Q) C H'(Q2) and we note below that C1(Q) is even dense in H'(Q). O

Theorem 2.4. For all m € Ny, the Sobolev space H™(Q) is a Hilbert space.

12
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Proof. The proof uses the (hopefully) well-known fact that H°(Q2) = L?(Q) is a Hilbert space. We
shall proceed by induction on m. However, we explicitely consider the case m = 1 first: Obviously,
the H'-norm is induced by the scalar product

(w5 v) i) = (u; )2 + (Vu; Vu)req) forall u,v e HY(Q),

ie., ||u||§{1(9) = (u; u)g1(q)- Therefore, it only remains to prove the completeness of HY(Q). Let
(un) be a Cauchy sequence in H'(£). Note that, by definition of the Hl-norm, (u,) as well as

(Vuy,) are Cauchy sequences in L?(€). Since L?(f2) is complete, there are unique u € L?*(Q2) and
g € L?(2)% such that

n—oo n—oo
By definition of H'(£2), it thus only remains to prove that u is weakly differentiable with gradient
Vu = g. Let v € D(2) be an arbitrary test function. From the weak differentiability of each wu,,
and L2-convergence, we obtain that

(w5 0jv) 2y = lim (un ; 0jv)p2(q) = — lm (Jjun 5 v)120) = —(95 5 V) L2(@)-
Therefore, g; is the j-th weak derivative of u and consequently g = Vu. This concludes the case
m = 1. The induction step for H™(2) is left to the reader, but obviously follows from the same

arguments, where we replace g € L%(Q)¢ by g € H™1(Q)4. [

2.2 Main Theorems on Sobolev Spaces

From now on, it will be important and thus assumed that Q C R? is a bounded Lipschitz domain.
By definition of the Sobolev spaces H™(f2), there holds H™(Q) ¢ H™ 1(Q) with [[ul|gm-1(q) <
[ull grm (). In other words, the identity operator id : H™(2) — H™ 1(Q) is well-defined and
continuous. The following Rellich theorem states that it is also compact. This is a pretty strong
result. The impact of which will become clear in our proofs of the Poincaré inequality and the
Friedrichs inequality.

Theorem 2.5 (Rellich Compactness Theorem). For any integer order m € N, the
embedding H™(Q) € H™1(Q) is compact. [

We recall that an operator A € L(X;Y) between normed spaces X and Y is compact, if and

only if each bounded set S C X is mapped to a pre-compact set A(S) C Y, ie.,, A(S) C Y is
compact.

Lemma 2.6. Suppose that A € L(X;Y) is a compact operator between a Banach space X
and a normed space Y and that (x,,) is a weakly convergent sequence, i.e., x, — x € X. Then,
the image (Ax,,) is strongly convergent to Az in'Y, i.e., Az, - Az €Y.

Proof. Using the adjoint operator A* € L(Y™*;X*), one sees that Az, — Az € Y. As
sume that (Axz,) does not strongly converge to Az. Then, there is a subsequence (Azy,) with

13
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infrey [|Azyn, — Az|y > € for some ¢ > 0. Recall that weakly convergent sequence are always
bounded. Compactness thus provides a further subsequence (Axy,,) of (Ax,, ) with Az,,, =y €Y.
In particular, Az,,, — y € Y and therefore y = Ax. This contradicts the choice of the subsequence
(Azp, ). [

Ezxercise 11. Let X be a reflexive Banach space and Y be a normed space. Suppose that
A € L(X,Y) is completely continuous, i.e., for all (x,) in X, weak convergence x,, — z in
X implies strong convergence Ax, — Ax in Y. Prove that A is compact, i.e., for X being
reflexive, the operator A is compact if and only if it is completely continuous. O

Before the statement and the proof of the Poincaré inequality, we need a further technical
lemma. The result is rather standard in the analysis of variational problems.

Lemma 2.7. A continuous and convex functional f : X — R on a normed space X is weakly
lower semicontinuous, i.e., for each weakly convergent sequence (xy) in X with z, — = € X,
it holds that

() < limint f(r) (2.6)

Proof. 1. step. We prove that the epigraph G := {(x,a) e X xR ‘ fz) < a} is convex: For
(z,a),(y,B) € G and 0 < 0 < 1, the convexity of f proves that

fOx+ (1 =0)y) <Of(z)+ (1 -0)f(y) < b+ (1-0)8,

whence 6(z, ) + (1 —0)(y, ) € G, i.e., G C X x R is convex.

2. step. We use the continuity of f to prove that G is also closed: Let (zy, «;,) be a convergent
sequence in G, i.e., it holds that z,, - = € X and «,, - a € R. We prove that (z,«) € G, which
follows from

f(z) = lim f(z,) < lim o, = a.
n—oo n—oo

3. step. The following step in the proof is known as Mazur’s lemma: We prove that the closed
and convex set G is also weakly closed in X xR =: Y, i.e., closed with respect to the weak topology
on Y. We argue by contradiction and assume that G is not weakly closed. Then, there is an element
y € G'\G, where G° denotes the weak closure of G. According to the Hahn-Banach separation
theorem, there is a functional ¢ € Y* and a scalar A € R such that ¢(y) < A <inf ¢(G). Therefore
U := ¢ 1(—00, \) is weakly open with y € U and U NG = . This contradicts topologically that y
is in the weak closure of G. Hence, G = G is weakly closed, and we may proceed with the proof
of (2.6).

4. step. We show the weak lower semicontinuity of f: Suppose that z, — =z € X. For
a := liminf, f(z,) = oo, (2.6) is trivial. We thus may assume a < oco. Let f > a and define
ay, = max{f, f(z,)} — B. Clearly, (z,,a,) € G. Moreover, this sequence is weakly convergent
(Tn, an) — (x,8). We deduce (z,5) € G. Thus, f(z) < f for all § > « and therefore finally
J@) < o= lim [(r). .

A first consequence of the preceding abstract results is that one can easily construct equivalent
norms on the Sobolev space H! ().

14
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Proposition 2.8. Let |- |1 be a continuous seminorm on H(Y) which is definite on the
constant functions, i.e., |c|gn = 0 implies ¢ = 0 for all ¢ € R. Then, there are constants
C1,Cy > 0 such that

g < Chlvllgi) as well as cyt [l 2y < vl = [[VvllL2(q) + [0l for all v € HY(Q).
In particular, || - || defines an equivalent norm on H'(Q), i.e.,

(1+C) 7 vl < ol < L+ Ca) ol for all v € HY ().

Proof. 1. step. Existence of Ci: By definition of continuity, there exists an open neighborhood
O C HY(Q) of 0 such that |v|g1 < 1 for all v € O. Without loss of generality, we may choose a
radius r > 0 sufficiently small such that B,.(0) C O C H(f2) for the closed ball with radius r and
center zero. This implies

1 v 1
[vlg = vl lr——lm < =llvlla@)-
r vl ) r

This proves existence of Cy := 1/r.

2. step. Existence of C2: We assume that there is no constant Cy > 0 such that |Jv[|z2q) <
Cs ||v]| for all v € H(€2). Therefore, there exists a sequence (v,) in H'(£2) such that

1
—lonllz2) > llonll = 1Vnll2 @) + [vnl

The definition of wy, := vn/||vnl|12(q) leads to to a sequence (wy,) in H'(£2) such that
[wnllL2@) =1, [[Vwnllr2@) <1/n,  |walpgr <1/n.

Therefore, (w,) is a bounded sequence in the Hilbert space H'(2). A Hilbert space is reflexive.
By virtue of the Banach-Alaoglou theorem, each bounded sequence thus has a weakly convergent
subsequence. Therefore, we may assume that w, — w € H'(2). An application of Lemma 2.7
proves that

n—oo
whence the weak limit w is constant. Another application of Lemma 2.7 proves that
|w|g1 < liminf |wy| g1 =0
n—o0

since a seminorm is always convex. Therefore, w = 0. On the other hand, the Rellich theorem
states the strong convergence w, — w € L*(Q) and thus |lw|/;2@q) = lm [lwp| 12 = 1. This
n—oo

contradiction concludes the existence of Cy. In particular, we hence observe [|v|[g1(q) < [|v]|L2(q) +
IVollp2@) < (C2 + 1) vl u
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Corollary 2.9 (Poincaré Inequality). It holds that
vl p2(q) < Cp <||VUHL2(Q) + | /dexo for all v € H(Q), (2.7)

where the constant Cp > 0 depends only on Q. Moreover, ||v]| := V][ 22(0) + ‘ Jo vdm‘ defines
even an equivalent norm on H'(Q).

Proof. According to Proposition 2.8, it only remains to show that
[v|g = ’/ de’ for v € H'(Q)
Q

defines a continuous seminorm on H!(Q) which is definite on the constant functions. The equality
le| g1 = [Q]¢| for ¢ € R verifies the definiteness. Lipschitz continuity follows from

ol = lolin] < | | 0= wda] < 19120 = wlzz@) <1910 = wllm o

and from the boundedness of ). [ |

Corollary 2.10 (Poincaré Inequality). There is a constant Cp > 0, which depends only
on the shape of 0 but not on its diameter, such that

[vllz2(0) < Cpdiam(Q) [[Vv|[2¢q)  for allv € H}(Q) :={we H(Q)| [ywdz =0}, (2.8)

where diam(§2) := sup {|:L' — | ‘:U, y € Q} denotes the diameter of ).

Proof. The proof is a so-called scaling argument: We define \ := diam({2) and Q= 21
Note that the scaled domain € satisfies dlam(Q) = 1 and depends only on the shape of 2. We
consider the affine bijection ® : Q — Q, () = A1z, Recall the transformation theorem, which
holds for arbitrary diffeomorphisms ® : 2 — Q and states that

/fdy—/f )) | det D®(z)|dx for all f € L'().

Note that det D®(z) = A~ since D® = A~!I in our case. For v € H'(Q), we define v := vo®~! €

H'(). Then,
512y = [ oy =30 [ o de = X"l

According to the chain rule, it holds that Vo' = A (Vo) o ®~! and consequently that

IV3I3, g = A lIVUllze)

L2(9)
With Cp > 0 the Poincaré constant from (2.7) for Q, we thus infer

1017210y = A 11501726, < A CRIVTl, 5, = X CB Vol q)-

16



CHAPTER 2. SOBOLEV SPACES AND POISSON PROBLEM

Note that ép depends only on Q und thus only on the shape of €). This concludes the proof. W

Remark. We stress that [v := [, vdz defines a linear and continuous functional on H Q). In
particular, H}(Q) = ker(I) is a closed subspace of H!(Q) and hence a Hilbert space. According
to the Poincaré inequality, it holds that [[Vv| 2@ < [vllmi) < (1 + 52)1/2\\V”UHL2(Q) for all
v € HY(Q). In particular, ||Vv|| 2(q) defines an equivalent Hilbert norm on H, 1(Q) with associated
scalar product (Vu ; Vv)2(q)- O

Theorem 2.11 (Meyers-Serrin).  For each integer order m € N, C*°(Q) and, in particular,
C>®(Q) N H™(Q) are dense subspaces of H™(2). [

Theorem 2.12 (Trace Operator). There is a unique operator v € L(HY(); L*(T)) such
that yv = v for all v € C1(Q), i.e., v extends the classical trace defined as restriction v|r on
the boundary for smooth functions v. |

As a first corollary to Theorem 2.12, we can prove that the integration by parts formula also
holds for Sobolev functions u,v € H ().

Corollary 2.13 (Integration by Parts).  For all u,v € H*(), it holds that

/ua%dx+/(9%vdx—A7u7vnjds. (2.9)

Proof. The formula (2.9) holds for u,v € C1(2). All three terms define continuous bilinear forms
on H'(Q) x H'(Q). Therefore (2.9) follows, for arbitrary u,v € H'(Q) from the density of C*(Q)
in H(Q): Given u,v € H'(), there are sequences (u,) and (v,) in C*(Q) which converge to
w resp. v in H'(Q). Therefore, if a(-,-) : H(Q) x H'(Q) — R is continuous, then it holds that
nl;rglo a(Up,vy) = a(u,v). This concludes the proof. [ |

The analytical treatment of the Dirichlet problem makes use of the so-called Friedrichs inequal-
ity, whereas the analytical treatment of the Neumann problem uses the previously proven Poincaré
inequality.

Corollary 2.14 (Friedrichs Inequality). Assume that the Dirichlet boundary I'p C T’
has positive surface measure |U'p| > 0. Then, it holds that

o2 (@) < Cr (IVoll2@) + 0llay,))  for allv € HY(Q) (2.10)

with a constant ép > 0, which depends only on Q and I'p. Moreover, the right-hand side
loll := [[Vvll 20y + (70l 20,y even defines an equivalent norm on H'(Q).

Proof. We again apply Proposition 2.8. It only remains to show that

Wl = ol ey for ve H'(S)
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defines a continuous seminorm on H'(2) which is definite on the constant functions. The defi-
niteness is again easily obtained from |c|g1 = |[I'p|'/?|c| for ¢ € R. Lipschitz continuity follows
from

ol = [wl | < v = ywlizzwp) = 9@ = w)llz2wp) < Cllv—wlme

according to the continuity of the trace operator v € L(H(Q); L*(T)). [

Definition. We define H}(Q2) := (Q)”'HH1 and H}(Q) = C})(Q)H.HHI, where the subscript D
indicates the Dirichlet boundary I'p. By definition, H{ () as well as H#(€2) are closed subspaces
of H'(2) and thus Hilbert spaces. In particular, it holds that H{(Q) C H},(Q). O

The same scaling argument as for the Poincaré inequality proves the following variant of the
Friedrichs inequality, where we note that continuity of the trace operator + proves that yv = 0, for
v € H}(Q), as well as (yv)|r, = 0, for v € HL(Q).

Corollary 2.15 (Friedrichs Inequality). It holds that
[l 2y < Crdiam(Q) [V 2y for all v € HL () (2.11)

with a constant Cr > 0 that depends only on the shape of 2 and I'p. |

We finally note the relation between H}(I') and the trace operator, cf. the Theorem of Meyers-
Serrin.

Theorem 2.16. There holds H}(Q)) = ker(y) with v € L(H*(Q); L*(T')) the trace operator.
Moreover, H},(Q) = {v e H'(Q) | (yv)|r,, = 0}. [ |

Exercise 12. Usually, one defines the range of the trace operator as H'/?(I') := range(y) C
L?(T"). This space is associated with the norm [Vl gr1/2(ry := inf {01y |0 € HY(Q) with 40 =
v}. Prove that H'/?(T) associated with this norm is a Hilbert space with continuous inclusion
HY2(I') C L*(T'). Hint: Recall the definition and the standard results on quotient spaces
and the associated quotient norm! |

For X = HY(Q) and Y = L?(), the following exercise shows that the L?-scalar products
(f; )r2q for f € L%(9) give (up to density) all linear and continuous functionals on H'(Q), i.e.,
the embedding L2(Q) — HY(Q)*, f — (f ; )r2(q) is well-defined, linear, continuous, and injective
with dense image.

Ezxercise 13. Let X and Y be Hilbert spaces with continuous embedding X C Y. Show
that the mapping I : Y* — X*, I'y* := y*|x is well-defined, linear, and continuous. Prove that
I(Y*) C X* is a dense subspace. Moreover, if X CY is dense with respect to || - ||y, then the
embedding I is even injective. O
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2.3 Weak Form of Laplace Problem

2.3.1 Dirichlet Problem

In this section, we generalize the variational form derived in the introductory section to our Hilbert
space setting. We start with the homogeneous Dirichlet problem

—Au=f inQ,

2.12
u=0 onlT. ( )

Recall that this formulation is called the strong form of the boundary value problem. The following
proposition provides the — in some sense — equivalent and always uniquely solvable weak form of
the boundary value problem.

Proposition 2.17. (i) Provided that u € C?(Q) solves (2.12) for a given source term
f € C(Q), it holds that u € H} () as well as

(Vu; Vo) 2 = (f 5 0)12(q)  for allv € Hy(R). (2.13)
(ii) Given f € L%*(2), the weak form (2.13) has a unique solution u € HZ(Q). It holds that

(f;v)20
lulmoy <€ sup  ~Z D < O f 2, (2.14)
veri@\foy Ivllme)

where the constant C > 0 depends only on €.

(iii) Provided that f € C(Q2) and that the weak solution u € H(Q) of (2.13) additionally
satisfies u € C%(Q), then u even solves the strong form (2.12).

Proof. (i) We have already seen before that a strong solution u € C?(Q) solves the variational

form (2.13) for test functions v € C§(Q) := {w € C'(Q) |w|r = 0} replacing H}(2); see Propo-

sition 1.1. If we keep w fixed, the left-hand side as well as the right-hand side of (2.13) define

continuous and linear functionals on H*(Q). Note that the closure of C}(2) with respect to the

Hl-norm leads to the Hilbert space H}(Q). Therefore, standard density arguments prove (2.13).
(ii) According to the Friedrichs inequality, it holds that

Vol < il ) < (L+ CR) [ Vollfaig)  for all v € Hy(Q).

Therefore, the left-hand side of (2.13) defines an equivalent scalar product on H}(€2). The Riesz
theorem thus provides a unique weak solution u € H}(2) of (2.13). Plugging-in u = v € H(Q),
the weak form yields that

~ (f 3 v)r20
(1+ C2) ul?p o) < IVullPeqy = (s Wiy € sup o

1wl 71 (o)
veri@\foy vl

which results in the first estimate of (2.14). The second estimate follows from the Cauchy inequality
(f5v)e2) < Ifllez@llvlizz) < 1z vl g @)
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iii) Since the weak solution w is smooth, we may use integration by parts to see that
(iii) : y g Yy D

(Vu; Vo)roq) = (Au 5 v)2(q) forallv e H(Q).
The difference with the weak form (2.13) thus yields that

0= (f+Au;v)2q) foralve H(Q).

Note that F := f + Au € C(Q). With D(Q) C H}(Q), Theorem 2.1 proves F = 0; see also
the remark right after Theorem 2.1. Consequently, it holds that —Au = f in . The Dirichlet
boundary conditions (in the strong form) follow from 0 = yu = u|p. Altogether, u solves (2.12) W

2.3.2 Mixed Boundary Value Problem

Second, we consider the mixed boundary value problem

—Au=f inQ,
u=0 onIp, (2.15)
ou/On=¢ onTy,

with' = TpUTly, T pNI'y = 0, and [T'p| > 0. The limit case |I'p| = 0 corresponds to the Neumann
problem which is treated in Section 2.3.3. Recall the trace norm || || g1/2(ry from Exercise 12. Then,
the main proposition reads as follows:

Proposition 2.18. (i) Suppose that I'y is smooth, i.e., the outer normal vector depends
continuously on x € T'x. Provided that u € C%(Q) solves the strong form (2.15) for a given
source term f € C(Q) and Neumann data ¢ € C(Tx), it holds that u € H(Q) as well as

(Vu; Vo)ro) = (f 5 v)r20) + (95 70) L2(ryy  for allv e HE(Q). (2.16)

(ii) Given f € L*(Q) and ¢ € L*(T'y), the weak form (2.16) has a unique solution u € H} ().
It holds that

HUHH1(Q) S Cl < sup m —+ sup Ww)

verb @y Mol wemzaopngoy 1wz (2.17)

< Co (Iflr2) + 10l L2(ry))

where the constants C1,Co > 0 depend only on Q and I'p.

(iii) Provided that f € C(Q) and ¢ € C(Ty) and that the weak solution v € H},(2) of (2.16)
additionally satisfies u € C*(S2), then u even solves the strong form (2.15).

Proof is done in the exercises. |
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2.3.3 Neumann Problem

Finally, we consider the Neumann problem

—Au=f inQ,

Ou/On=¢ onT. (2.18)

Note that the solution u of (2.18) cannot be unique: If u € C?(f2) solves the strong form (2.18),
also u + ¢ solves (2.18), for all ¢ € R. To fix the additive constant, we seek a solution which
additionally satisfies, e.g., that

/Qudx = 0. (2.19)

Moreover, the Gauss divergence theorem shows

—/Qfda::/QAudx:/Qdiv(Vu)dx: ds—/éds

Therefore, the data f and ¢ have to satisfy the compatibility condition

/fdaz—l—/gbds:o (2.20)

Q r

to allow for the existence of (strong) solutions. Recall the trace norm || - || g1/2(py from Exercise 12.
Proposition 2.19. (i) Suppose that T' is smooth, i.e., the outer normal vector depends

continuously on x € T'. Provided that u € C*(Q) solves (2.18) for a given source term f € C(f)
and Neumann data ¢ € C(T), it holds that uw € H*(Q) and

(Vu; Vo) 2y = (f 5 0)p2(0) + (@5 90) 120y for all v e H'(S). (2.21)
(ii) Given f € L*(Q) and ¢ € L*(T), the variational formulation
(Vu; Vo) 2y = (f 5 ) 2i) + (95 70) 2y for all v € HI(Q) (2.22)

has a unique solution u € H}(Q) := {v e H'(Q)| [qvdz =0},

(iii) Provided that the data f € L?(Q) and ¢ € L*(T') satisfy (2.20), the unique solution
u € HY(Q) of (2.22) even solves the weak form (2.21). Moreover, it holds that

fullme < (s Givew <¢w>L<r>>
vernoy 1la)y  wemzmpgoy 1wl

< Gy (If 2 + 9l L2 (ry)

where the constants C1,Co > 0 depend only on Q.

(iv) Provided that f € C(Q) and ¢ € C(T) satisfy (2.20) and that the weak solution u €
HY(Q) of (2.21) resp. (2.22) additionally satisfies u € C?(SY), then u even solves the strong
form (2.18).

(2.23)
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L J

Proof. (i) The variational form (2.21) holds for test functions v € C1(2) according to integration
by parts. For fixed u, the left-hand as well as the right-hand side define continuous linear functionals
on HY(Q). Thus, (2.21) follows for v € H'(Q2) by density arguments. (ii) According to the
Poincaré inequality, it holds that

IVollFaq) < il ) < (L4 CP)IVollfai) for all v e HI(Q).

Therefore, the left-hand side of (2.22) defines an equivalent scalar product on H!(Q). Note that
HL(Q) is a closed subspace of H'(2) and hence a Hilbert space. Therefore, (2.22) follows from the
Riesz theorem. (iii) For a function v € H (), we define v := v — vq € H} (), where vg € R
denotes the integral mean vq := (1/]Q]) [, vdz € R. Note that (2.20) implies that

(fsva)rz@) + (95 va) 2y = 0.
Thus, (2.22) proves that
(Vu; Vo) 2y = (Vu; VO) 1200 = (f 5 0)2) + (95 70) 22y = (f 5 ) 2) + (05 70) 2,
i.e., u even solves (2.21). Plugging-in u = v, we see that

IVulZoq) < sup muuuﬂl(m+ sup (05 wiam

“7u|’ / 3
vert@n\foy IVl (@) wer2onfoy 1wl a2 HIAI)

where we have used that HY/?(I") = range(v). Note that the H'/?-norm is defined in such a way
that v € L(H'(Q); H/*(T")) with [vull g2y < lull (o). Therefore,

(f 5 v)20 (¢ w)r2r
IVulEa i) < llullm e ( sup D sup ”).
vem@\oy vl wemzmngoy 10llgem

Together with (1+ 5%)_1\@“?{1(9) < HVu||2L2(Q), this proves the first estimate in (2.23). As above,

the first supremum may be estimated by || f|lz2(q). With the continuous embedding H 12T
L?(T), the numerator of the second supremum can be dominated by

(@5 w2y < I8llemyllwlizzwy < Cllolamlwl gz .

This provides the upper bound C || r2(r) for the second supremum. (iv) As above, we may
use integration by parts to see that

(f +Au;v)p2q) + (¢ — Ou/On ; yv) 2y =0 forallv e HY(Q).

From this, we first conclude f = —Awu by use of Theorem 2.1 for test functions v € D(2) C H(Q) C
H'(Q). To prove ¢ = du/On, one proceeds analogously to the remark right after Theorem 2.1. W
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A Priori Analysis

x1 hT X2

FIGURE 3.1. The diameter hp of the triangle T is the length of the longest edge (possibly non
unique). The quantity or denotes the corresponding height.

3.1 P1-Finite Element Method in 2D

A set T C R? is called a non-degenerate triangle provided that there are nodes x7,yr, 21 € R?
with T' = conv{zr,yr, 2r} and provided that |T'| > 0, i.e., T has positive measure. We note that
T is in particular bounded and closed, whence compact. We denote by

Kr = {zr,yr, 21} (3.1)
the set of nodes of T" and by

Er = {conv{xT, yr}, conv{yr, zT},conv{zT,mT}} (3.2)

23



CHAPTER 3. A PRIORI ANALYSIS

the set of edges of T'. The diameter of T' is denoted by

hr = diam(T) := max {|z — y| |z,y € T}. (3.3)
Moreover, we define the edge length

hg := diam(E) := max {|z — y||z,y € E} (3.4)

for all edges F € &p. Clearly, the diameter hp of a triangle is the length of the longest edge
(possibly non unique), i.e., there is some E € Ep with hy = hg. The height over the longest edge
E of T is denoted by or, cf. Figure 3.1. Recall that the measure of the triangle reads

hrpr
7 = =2, (3.5)

The most important example is the reference triangle
Trer := conv{(0,0),(1,0),(0,1)} (3.6)

which has measure |Tyef| = 1/2.

Ezercise 14. Give a formal proof that the diameter of a triangle 7' is the length of one
longest edge, i.e., hy = maxpeg, hgp. Hint: Use that the convex hull conv(M) = () {M -

R?| M is convex with M C ]\7} of aset M C R?is also characterized by conv(M) = { Zjvzl AT
‘N € N,z; € M, \; > 0 with Eévzl Aj = 1}. The proof then directly applies to general sim-
plices in R, i.e., T = conv{xy,...,zq} C R O

T2

T 2

m m m

FIGURE 3.2. For a regular triangulation T, the intersection of two elements T # T' is either
empty, a joint node, or a joint edge.

Definition. A set T is a triangulation of Q (consisting of triangles) if and only if
e 7T is a finite set of non-degenerate triangles,

e the closure of Q) is covered by T, i.e., Q =JT,
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o for all T.7" € T with T # T, it holds that [T NT'| = 0, i.e., the overlap is a set of measure
Zero.

By K :=U {3: e Kr ‘ T € T}, we then denote the set of nodes of the triangulation 7 and by
E=U {E e&r ‘ Te ’T} the set of edges of the triangulation 7. A triangulation of Q is called
conforming or regular (in the sense of Ciarlet) provided that the intersection of two elements
T,7 € T with T # T is

e cither empty,
e or a joint node, i.e., TNT' = {2z} = Ky N K,
e or a joint edge, ie., E:=TNT € ErN&pr,

cf. Figure 3.2. According to this regularity assumption, an edge F € £ with surface measure
|ENT| > 0 automatically satisfies E C T, i.e., an edge E is either a boundary edge or an interior
edge. Additionally, we always assume that a regular triangulation resolves the boundary conditions:
If I' = 0N is partitioned into Dirichlet and Neumann boundary I'p and I'y, respectively, each
boundary edge FE € £ with E C I satisfies

e cither E CTp
e or ECTy.
With this assumption, we define the (disjoint) sets of boundary edges
Ep={Ec&|ECTp} and Eyv:={Ec&|ECTn} (3.7)
as well as the set of all interior edges
Ea=E\(EpUEN). (3.8)

We finally note that, for each E € £, there are two elements T,7" € T with E=TNT".

Ezercise 15. Let T be a regular triangulation of Q and v :  — R such that v|r € C1(T) for
all T € T. Prove that v € H'(Q) if and only if v € C(Q). O

The following proposition essentially follows from the regularity of the triangulation 7.

Proposition 3.1. For a regular triangulation T of 2, we define the discrete space
SUT) = {vn € C(Q|VT €T wlr affine} (3.9)

of all T -piecewise affine and globally continuous functions. Then, there holds the following:
(i) SY(T) is an N-dimensional subspace of H*(Q)) with N = #K the number of nodes.
(ii) For each node z € IC, there is a unique hat function

C. e SHT) with (.(2) =06, forall2 €K. (3.10)

(i) The set B:={C.|z € K} is a basis of S'(T), the so-called nodal basis.
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A
y

F1GURE 3.3. Ezxamples of P1 hat functions (,: The left figures show the mesh as well as the
support supp((,) in grey, where the corresponding node z € K is indicated in red. The right
figures show the plots of the hat functions. Triangles T € T with (|7 = 0 are filled with white.

Proof. 1. step. According to the regularity of 7, hat functions (, are automatically continuous
on 2: For each element 1" € T, an affine function vy : T'— R is uniquely determined by the nodal
values vy (z) for z € Kp. Therefore, the T-piecewise affine hat function ¢, defined by (.(z') = 9,/
is uniquely defined. We now show that ¢, € C(Q): If T,7" € T are elements with T N7T" # (),
regularity of 7 implies that either T'=T" or {2’} = T NT’ is a joint point or E =T NT" is a joint
edge. In the latter case, note that the trace on E of the affine function (|7 as well as of ;|7 is
uniquely defined on the edge E by the nodal values (,(zg) and (,(yg), where E = conv{zg,yg}.
Therefore the traces of (|7 and (,|7» on E coincide, i.e., {, is continuous on each interior edge.

2. step. The nodal basis B is a basis of S1(7) and dim S*(7") = #K: Clearly, the hat functions
are linearly independent, B C SY(T), and #B = #K. Moreover, each function v, € SY(T)
is uniquely defined by the nodal values vy (z) for z € K and can thus be written as the linear
combination of the hat functions, i.e., SY(7) C span(B).
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3. step. The inclusion S'(7) ¢ H(Q) follows from Exercise 15. [ |
Remark. Examples for hat functions (, are shown in Figure 3.3. Note that the support supp((,)
is always local. This leads to a sparse Galerkin matrix A, i.e., most of the entries of A are zero. O

For a given Dirichlet boundary I'p C T, we use the discrete space S},(T) to discretize the weak
form of the mixed boundary value problem. In case of I'p = I', we consider the space S (7).

Corollary 3.2. Let T be a regular triangulation of Q). Then, the space
SH(T) :=={v, € SYT)|Vz€ KNTp wu(z) =0} (3.11)
is a finite dimensional subspace of H} () of dimension #{z ek } z ¢ fD}. The space
So(T) :={v, € SHT)|Vze KNT wy(2) =0} (3.12)

is a finite dimensional subspace of H(Q)) of dimension #{z ek ‘ z e F}.

Proof. We only need to show that vp|p, = 0 for v, € S,(T). Let # € I'p. According to
the regularity of T, there is an edge E € &£p such that x € E. Since the trace vy|g is affine,
it is uniquely determined by the nodal values vy (xp) = 0 = wvp(yr), where E = conv{zp,yr}.
Consequently, vy = 0 for all E € £p and hence v, € H}(£2). In particular, we obtain the claim
for S}(T) in case of I'p =T. [ |

For the discretization of the Neumann problem, we are dealing with S1(7).

Corollary 3.3. For a reqular triangulation T of (), the space
SHT) = {vp € SHT) | Jqvndz =0} (3.13)

is a finite dimensional subspace of H!(Q) of dimension #K — 1.

Proof. Clearly, it holds that SH(7) € H}(2). Note that I(v,) := [, v da is a linear functional
on SY(T) with kernel S}(T) = ker(I). Since rank(I) = 1, Linear Algebra yields that dim S}(T) =
dim SY(T) — 1. m

The P1 Finite Element Method now consists of using the Galerkin method with the discrete
spaces S(T), SH(T), and SH(T) to approximate the weak solution of the Dirichlet problem, the
mixed boundary value problem, and the Neumann problem, respectively. From now on, we shall
assume that 7 is a regular triangulation of ). We start with the Dirichlet problem

—Au=f in Q,

u=0 onl,
for given data f € L?(2). The P1-FEM then reads: Find uy;, € S}(T) such that

(Vup 5 Vop) 2y = (f 5 on)r2() for all vy, € Se(T). (3.14)
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Second, the mixed boundary value problem reads

—Au=f in Q,
u=0 onlIp,
Ju/on=¢ on Iy,

with ' =TpUTy, Ip NIy =0, and |[Tp| > 0. The data satisfy f € L?(Q) and ¢ € L?>(T'y). The
P1-FEM for the mixed BVP reads: Find u;, € S}(7) such that

(Vun 5 Vou)rzi) = (f 5 vh)r2e) + (@5 vn) 12y for all vy, € Sp(T). (3.15)
Finally, we consider the Neumann problem

—Au=f in Q,
ou/On=¢ onT,

where the data f € L?(Q) and ¢ € L?(T") are assumed to satisfy Jo fdz+ [ ¢ds =0. The PI-FEM
for the Neumann problem reads: Find wuj, € S!(T) such that

(Vun 3 Vop) 2y = (F 3 on) 2 + (85 vn) 2y for all vy, € SH(T). (3.16)
T3
T4
TO
T T2
L L
FIGURE 3.4. Red-refinement refines the element T € T©D into 4 similar elements T, ..., Ty €

TOew)  The new nodes IC(“eW)\IC(Old) are just the edge midpoints for all edges E € glld) 1y
particular, reqularity of T©Y implies regularity of T,

3.2 Approximation Theorem and Bramble-Hilbert Lemma

3.2.1 Uniform Mesh-Refinement and Shape Regularity
Let h € L*>®(2) and p € L*>(Q2) denote the local mesh-width functions which are defined by

hlp := hy = diam(T) and pg|p:=por forall T eT. (3.17)
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Moreover, the quantities

hT hT
o(T): or and o(7): ||h/g||Loo(Q) rj{lg%c or >1 (3.18)
denote the shape regularity constant of an element T' € T resp. the triangulation 7. Note
that |T'| = hpor/2 so that 2hy/or = h2/|T|. The shape regularity constant will affect all error
estimates, so that mesh-refinement has to avoid a blow-up of ¢(7). We say that a regular mesh T
is v-shape regular, if 0(7) < v < 0.

For this section, we stick with the so-called uniform mesh-refinement: Given a regular
triangulation 7' we obtain a new triangulation 7™") as follows: Each element 7' € 7d) ig
split into 4 similar triangles T1,...,Ty € T cf. Figure 3.4. Therefore, each node z € K("ew)
either belongs to £©) or is the midpoint of an edge E € £©4), We stress some simple observations:

e The new triangulation 7 (e%)

is also regular.
e The local mesh-width functions satisfy h®e") = p(°ld) /2 and prew) = plold) /9,
e In particular, the shape regularity constant satisfies that (7)) = g (7 (mew)),

Further mesh-refinement strategies are discussed in the following section.

Exercise 16. Let T = conv{zi, 20,23} be a non-degenerate triangle in R2. Prove that the
shape regularity constant hp/or tends to infinity if and only if the smallest angle in T' tends
to zero. |

Exercise 17. Often, the shape regularity constant is defined as the maximal quotient hy /7,
where 77 > 0 denotes the maximal radius of a ball B(z,rr) := {y € R? ‘ lz—y| < rT} inscribed
in T, i.e., B(z,rr) CT. Let T = conv{z1, 22, 23} be a non-degenerate triangle in R%2. What is
the relation between or and rp? O

3.2.2 Statement and Interpretation of Approximation Theorem

To state our first main result in this section, we need to know that certain Sobolev functions are
at least continuous.

Theorem 3.4 (Sobolev). Let Q be a Lipschitz domain in R? and m > d/2. Then, there

holds the continuous inclusion H™(Q2) C C(Q2). [ |

In particular, for d = 2,3, each Sobolev function v € H?(Q) is continuous so that evaluation
of u at the nodes z € K is well-defined. Throughout the remaining section, we assume that 7 is a
regular triangulation of a bounded Lipschitz domain Q C R?. We stress, however, that the same
results — even with the same proofs — hold for d = 3 as well. As in the previous section, the nodal
basis function corresponding to a node z € K is denoted by ¢, € S1(T).
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Theorem 3.5 (Approximation Theorem). Foru € H?(2), the nodal interpolant reads

I = u(z)¢; € S(T). (3.19)

zek

For all T € T, there hold the elementwise error estimates
lu — Thull 2y < C||B*D?ull 27 (3.20)
and
IV (u — Iyu)l g2y < Co(T) [RD?ull2r), (3.21)

where the generic constant C > 0 is independent of u, T, and Q, but depends only on the
reference triangle. In particular, this proves for all a € R the global error estimates

1% (u — Thu) |l 12(q) < C [P D?ul| 120 (3.22)
and

1AV (u = ) 20y < C o (T) 12 D2ul| 2 0 (3.23)

Before the proof of Theorem 3.5, we discuss the following immediate consequence:

Corollary 3.6. For u € H*(Q) N HL(Q), it holds that Inu € SH(T) and thus

min_[u— a0y < [l — Tnull i oy < Co(T) [hD?ull 20, (3.24)
Vh GSD (T)

Foruw € H*(Q) N HL (), it holds that

min_flu — vpllg1) = min )||u—vh||H1(Q) < lu — Tpull gy

v €SH(T) v €SH(T (3.25)

< Co(T) |hD%ull 2.

In either case, the constant C' > 0 depends only on diam(€).

Proof. Let Cypx > 0 denote the constant from the approximation theorem. Then,
lJu — Ihu”?{l(g) = flu— Ih“”%%ﬂ) +[IV(u - Ih“)H%?(Q) < Cgpx(diam(Q)Q + U(T)z)HhD%H%%Qy
Since o(7T) > 1, we obtain that
lu = Tnhul| gr(o) < Capxa(T)(diam(Q)2 + 1)1/2 ”hDQUHLZ(Q)-

For u € H?(Q) N HL(R), it holds that u(z) = 0 for all z € I'p. This implies that Iu € ShH(T)
and hence (3.24). Before we prove (3.25), note that Iyu € S'(T) does not belong to S}(7) in
general. However, let P}, : H1(Q) — S'(T) denote the H!-orthogonal projection onto S!(7). Since
1 € SYT), it holds that

0= / udr = (u; Vi) = Pru; )i = / Prudz  for all u € HL(Q).
Q Q
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Therefore, Pru € S}(T), and the best approximation property of the orthogonal projection P, thus
implies that

—P = i — < i — < —-P
[u hU||H1(Q) vhnglllzT) [|u Uh||H1(Q) > U;Lg}S'lﬁT) [|u Uh||H1(Q) < flu hUHHl(Q)
and hence equality. As before, this proves (3.25). |

Remark. Corollary 3.6 has two important consequences: First, according to Céa’s lemma, the
Galerkin error is up to a constant the best approximation error. For a smooth exact solution
u € H?(Q), the P1I-FEM thus leads (at least and in fact even) to a convergence order O(h).
Second, C%(€2) is dense in H},(Q2) and C°(Q) := {v € C®(Q)| [, vdz = 0} is dense in H} ().
Corollary 3.6 therefore implies convergence of the Galerkin scheme on a dense subspace. The
abstract framework provides convergence of the P1-FEM even without any regularity assumptions
on u, cf. Proposition 1.7. O

Ezercise 18. Use the Poincaré inequality and the Meyers-Serrin theorem to prove that C>°(Q)
is dense in H1(Q).

3.2.3 Bramble-Hilbert Lemma

It now remains to prove the Approximation Theorem 3.5. The proof of which needs three lemmata.
The first two lemmata provide the basis for general scaling arguments. We therefore state the
results even in a slightly generalized setting.
Definition. For a multiindex a € Ng and z € R?, we define the monomial z® := H?Zl x]% , where
la] == Z?:l a;j is the (total) degree of a. For a Lipschitz domain 7 C R?, we define

P™T) := {v:T — R|v is linear combination of monomials of degree < m} (3.26)

the space that consists of all polynomials of degree less than or equal to m € N.

Lemma 3.7 (Bramble-Hilbert). For a Lipschitz domain T C R? and a normed space X,
let A€ L(H™(T); X) be a linear and continuous operator with P™(T) C ker(A). Besides
the classical continuity estimate

[Av|x < [|Al[[[v]|gm+1(ry  for all v € H™ YT, (3.27)
it holds that

lAvllx < CJAIID™ ollacry for all v e H™(T), (3.28)

where the constant C > 0 depends only on m and T.

Proof. 1. step. Construct an equivalent norm on H™(T): Note that P™(T) is a finite di-
mensional space. Let IT : L2(T) — P™(T) denote the L2-orthogonal projection onto P™(T). We
define

loll == 1Dl g2y + [ Mol| 2y for v e H™H(T).
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From |[TIv|[z2(p) < [[v]|z2(7), we infer that

ol < 1D+ 0| 2y + 10ll 22y < V20l gmes -
Next, we prove the converse inequality, i.e., there exists a constant C' > 0 such that
[Vl gm+r )y < C ]| for all v e H™N(T).

As above, we use the Rellich theorem and argue by contradiction: If the claim is wrong, we find
vy, € H™Y(T) such that [|v, || gm+17) > nl|vn]|. We define wy, := vy /||vp]| gm+1(1). Note that

1
|wnllgmirry =1 as well as  [Jw,[| < —.

3

According to reflexivity, we may thus assume that w,, — w € H™+(T). According to Lemma, 2.7,
convexity and continuity of || - || imply that [Jw|| = 0. Therefore, it holds that D™+ lw = 0 as
well as I[Tw = 0. With the help of Exercise 19, we deduce that w € P™(T) and consequently
|wllr2¢ry = |[Tw||g2(7y = 0. According to Rellich’s theorem, we have w,, — w =0 &€ H™(T). Since
D™, — 0 € L*(T), we even conclude that w,, — 0 = w € H™(T). This however, contradicts
[|w || gm+1 ¢y = 1. Altogether, we have shown that || - || is an equivalent norm on H™!(T').

2. step. With the norm equivalence constant C' > 0 of step 1, it holds that
|Av][x = [[A(v = Tw)|[x < [[A]l[lv = TTo|| gmss(ry < C | A][llo = Tofl = C LA D™ ol 22

for all v € H™T(T). [ |

Exercise 19. Prove that a function v € H™*1(T) on a bounded Lipschitz domain 7" C R¢
satisfies D™y = 0 if and only if v € P™(T).  Hint: You should use the case m = 0 without
a proof, cf. Theorem 2.3. O

3.2.4 Scaling Argument and Proof of Approximation Theorem

Lemma 3.8 (Transformation Formula). Let T, T C R? be Lipschitz domains. Let
() = Bz +y with regular matriz B € R4 gnd vector y € RY be an affine diffeomorphism

~

with ®(T) =T. Foru e H™(T), it holds that wo ® € H™(T) with

1D (w0 @) 127y < | det BI™Y2| BIFID™ull 27y, (3.29)

where ||B||r denotes the Frobenius norm of B. Moreover, for m = 0, there even holds equality.

Proof. 1. step. The case m = 0: According to the transformation theorem and D®(z) = B, it
holds that

HUH%Z(T) :/Tu2 dy:/f(uoq))QdetDCIﬂde‘: | det B| ||uo(I>Hi2(f).
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2. step. To treat the higher-order case for smooth functions u € C°°(T), we first prove by induction
on m that for all j, € {1,...,d}, it holds that

d d m
O+ Dj (0 ) Z Z (D +++ Oy ) (@(2)) [ | B (3.30)

1=1 m=1 =
which is the special case of the Faa di Bruno formula (chain rule for partial derivatives): The case

m = 1 follows from the standard chain rule for ® = (®1,...,®4)7: R? — R%:
d d
(wo@)(x) =Y (Opu(®(2))0; Pk = Y _(Opu(®(x))Byj. (3.31)
k=1 k=1

Assuming that (3.30) holds up to m € N, we now prove the equality for m + 1:

m+1
330)
Bjy -0y (o ®)(x) "= J1<Z Z (O, - - akm+1u>(q>(x))HBkm)
(=2

m+1

d d
= Z e Z 05, ((8k2 e 8km+1u)(<19($))) H Bryj,
- =2

d d d m—+1
(3.31)
=03 T (OO, Ok w)(@(2)) Bryjy || Brase
ko=1  kmi1=1ki=1 =2

m+1

d d
_ Z Z (O, Oky +++ Oy ) (R(2)) H Bryje,
T =1

where we have used the induction hypothesis for m and the initial step m = 1. This verifies (3.30).

3. step. We apply the Cauchy inequality to (3.30) to see that

10, -+ 05, (uo @) (x <Z Z | Dy -+ - Oy 1) (B()) @(zd: Xd_: ‘ﬁBkm >

k=1 k=l km=1 f=
d d m

_ (k;l...kgl\(akl e Oy ) (D ()| )(klzl z:: l;[ m)
d d m d

_ <§1...kgl\(akl...akmu)( )(]:[;B}fﬂ),

where the last equality follows from the general fact [, ZZ:l ape = Zilzl e Zimzl TT7% ake
(which can be proved by another simple induction argument).
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4. step. We prove the transformation formula (3.29) for u € C*(T):

| det B||| D™ (u o ®) HLQ(T /Z Z 10j, -+ 8;,, (w0 ®)(x)|?| det DB(z)]| da

Jji=1 Jm=1

(Z Z H ZB;W> </ Z Z By -+ O <I>(:B))|2|detD<I>(x)|dx>

Jj1=1 Jm=14=1k,=1 k1=1 km=1

J/

=IT7%, Zd 1 ZZ 1 zfj =[pm u||L2(T)
— | BIZ D™l 2 -
5. step. We prove the transformation formula (3.29) for general u € H™(T'): According to step 1,
the linear operator W: L*(T) — L?*(T), Yu := uo ® is bounded. The Meyers-Serrin theorem shows

that C>°(T) is a dense subspace of H™(T). Note that (3.29) implies for u € C*°(T) the estimate
||\I/u||Hm(f) < C||ul[ggm(r), where C' > 0 depends only on m and B. Hence, Wu := u o ® extends

uniquely to a linear and continuous mapping ¥ : H"™(T) — H m(f) It remains to show that this
extension coincides with the composition, i.e., ¥u = uwo® on H™(T). To that end, for u € H™(T),
choose (u,) C C®(T) with u,, — u € H™(T). By continuity of ¥, it holds that u, 0 ® = ¥u,, — Yu
in H™(T) (and hence also in L2(T)). Moreover, according to Step 1, we have

|Yu —uo q)HL?(f) = n11—>Hc;lo | Yu, —uo <I>||L2(f) = nh_}rr;o |(un, —u) o (I)HL?(T“)

= |detB]nli_>n£)1O |un — ullL2(r) = 0.

This shows Yu =wuo ® on H™(T).
Moreover, the left-hand side and the right-hand side of (3.29) depend continuously (with respect
to H™(T)) on u. This and (3.29) for u,, € C°°(T) prove that

1D (w0 @) a7y = T [ D™ (uy 0 @) a7, < lim [det Bl 2| B[R] D™ un 2r)
— [ det B2 BIR| D™ ull 2r)

and conclude the proof. |

Lemma 3.9. ForT = Tret the reference element and T = conv{zy, 29,23} C R? being a
non-degenerate triangle, we define

Op: Toer =T, Pp(s,t):=2z +B <i> ,  where B := (22 — 21 23— zl) e R?*2, (3.32)

Then, it holds that |det B| = 2|T'| and

hr/V2 < ||Bllp < V2hr as well as 071 /V2 < ||B™Y|r < V207" (3.33)

Proof. 1t holds that

IBI[% = |20 — 21]? + |23 — z1|* < 203,
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Moreover,
1/2
‘Z3 — 22‘ < ‘2’3 — 21‘ + ‘22 — Zl‘ < \@(’23 — 2:1‘2 + ‘Zz — 21‘2) / < \/§HBHF

In particular, hy = max{|za — 21|, |23 — 21|, |23 — 22|} < V2||B||r. The transformation theorem
gives

1
£ det B| = [T | et B] :/

| det Dy d / de = |T] > 0.
Tref T

Hence, 0 < |det B| = 2|T| = hror. In particular, B! as well as g}l are well-defined. It holds

that
_ 1 baa  —bi2 b1 bi2
B l= for B= .
det B <—521 bii > o <b21 b22)

In particular, this proves that

sy Bl Bl
” HF - - )

‘ det B| hror
and the second estimate in (3.33) follows from the first. [

Proof of Approximation Theorem 3.5. 1. step. Estimate on the reference element T ef: Let
I . H%(Tyet) — PL(Trer) denote the nodal interpolation operator on the reference element. We
consider the operator

A:=1- I H (Tet) = H¥(Thet) for k=0,1

and observe that P!(T,e¢) C ker(A). To see that A is continuous, we estimate

ref

1AV gk () < 0l 210y + RS Ol (1) -

Let 21, 29, 23 denote the nodes of the reference element. Since all norms on the finite dimensional

space P! (Tet) are equivalent, we use the Sobolev inequality to see that

”IirzevaH’“(Tref) < Cnorm jgaxs ‘Iil;efv(zj” < Crorml| Voo, 1o < Cnormcsobolev||UHH2(Tref)’

7777

Altogether, we obtain that || Av|| ;x(7, ;) < (1+ChormCsobolev) ||Vl 72 (1, ), Which shows the continuity
of the operator A. Consequently, the Bramble-Hilbert lemma provides a constant Cler > 0 that
depends only on T,er with

[0 = Il gz, ) < Cretl| D*0l p2(7,y)  for all v € H?(Tre) and k = 0, 1.

2. step. Scaling arguments provide the estimate on each element T Let & = ®1 denote the affine
diffeomorphism from Lemma 3.9. Note that I}*!(u o ®) = (I,u) o ®. Define v := u o ® and observe
that (u — Ipu) o ® = (1 — I')v. First, we apply the transformation formula to &1,

ID* (u = Lyu) 27y = |1 D*((v = L) © @7 )|l 121
< [det B7'[TV2BTM N DM (0 — i0) | 21,
< Cheg| det B2 B7Y[5I|1 D0l 121,
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Second, we use v = u o ® and apply the transformation formula to ®,
1D20] 21y = ID2(w 0 ®) 20y < | det BI 2| BI% D2l 1.
The combination of the last two estimates proves that
ID*(u — Iyu) || 2(ry < Cret| B~ HBIBIFND*ull 2(r) < Cres 2572203 07F || D?ul| 27,
where we have used the geometric interpretation of ||B||r and |[B~!||f. This proves that
lu = Inull 27y < 2Cret|[P*D?ul 2y and ||V (u = Ipw) | 2y < 2% Crer o(T)[|RD?u| L2(1).
and thus concludes the proof. |

Remark. The proof of Theorem 3.5 shows that it is enough to assume u € C(Q2) N H?(T), where
HY(T) == {u e L*(Q)|VI € T we H¥T)} for k > 1. According to the Sobolev inequality, it
holds that H2(2) C C(Q) N H?(T). For the broken Sobolev spaces H*(T), we write Dfv for the
T-piecewise k-th derivative of v and, in particular, Vv = D,llv for the T-piecewise gradient. O

Remark. We recall the procedure of a scaling argument for proving an estimate. To that end, let
D : Tief — T be the affine diffeomorphism with linear part B.

e First, transfer the left-hand side from T to Tyef:
k k —1 —11-1/2 || p—11k k
1D 0|l 27y = | D* (v 0 @7 0 D7) | L2y < |det BTV B[ [ DF(v 0 Br) || 21y, )
—k k
~ |T| 07" [ D" (v 0 1)l L2(7;.)
i.e., derivative on the left-hand side give rise to negative powers of op.
e Second, prove an appropriate estimate on the reference element Tyef.
e Third, transfer the right-hand side from T}¢f to T*:
14 —1/2 l 14 —1/2 3¢ 14
D (w o @7) || 12¢7,.,) < | det B 2| B|% | D wl| g2y = [T 2h D wl| 27y,
i.e., derivatives on the right-hand side give rise to positive powers of hp.

Plugging everything together, proves the desired estimate. O

Note that the heart of the proof of the approximation theorem is the Rellich theorem and thus
a compactness argument. The following exercise shows that approximation results are necessarily
proved by use of compactness.

FExercise 20. Let X be a Banach space and Y be a normed space with continuous inclusion
Y € X. For h — 0, let X} be finite dimensional subspaces of X and I, € L(Y;X}) be a
continuous and linear operator with

|lu— Ihulx < Ch*|lully forallue,

where the constants C,«a > 0 are independent of u and hA. Then, the continuous inclusion
Y C X is already compact. O
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Chapter 4

A Posteriori Analysis

4.1 Introduction
We consider the model problem

—Au=f in Q,
u=0 onIp, (4.1)
ou/On=¢ onTy.

Let u € H} () be the weak solution of (4.1) and uy, € S(T) be the P1-FEM approximation of w.
In the previous chapter, we aimed to control the error ||u—up|| g1 (o) by a priori knowledge, e.g., reg-
ularity of the given data and the exact solution (but essentially independent of the discrete solution
up). Since u is unknown, in general, the a priori analysis provides a qualitative understanding
of the FEM, e.g., convergence with certain rates, but the derived bounds are non-computable in
practice. In this chapter, we aim to derive numerically computable bounds n = n(up, f, ¢, T) for the
error ||u—up|| g1(q), which may depend on uy, the triangulation 7, and the given data f and ¢ (but
not on the exact solution u). The quantity 7 is referred to as (a posteriori) error estimator,
and emphasis is laid on the fact that 1 can be computed algorithmically as soon as the discrete
solution up, € S})(T) has been computed. An error estimator 7 is called reliable provided that

lu = unllg1 Q) < Cren- (4.2)

Usually, the information n provides, is used to steer a mesh-refinement that leads to a sequence
Te of regular meshes with nested spaces 811)(72) - 511)(72+1)7 i.e., Tgy1 is a certain refinement of
Te. If n is reliable the (numerically or algorithmically observed) decrease of 1 to zero implies the
convergence of uj towards u. However, it might (formally) occur that u tends to u, while n does
not tend to zero. Therefore, an error estimator 7 is called efficient provided that

Cetn < |lu — up| g1 (q)- (4.3)

For an efficient error estimator 7, the convergence of uy to u necessarily implies the convergence of
1 to zero. Finally, if n is reliable and efficient, we observe for n the same order of convergence as
for [lu — unl| 1)

The aim of a posteriori error estimates is twofold:
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e We want to control the accuracy |lu — up| g1y of a discrete solution uy, and stop the com-
putation if uy, is sufficiently accurate.

e The mesh-refinement should be steered automatically by the algorithm so that we are led to
the highest possible accuracy with the lowest number of degrees of freedom.

Remark. Throughout, we allow the cases I'p = T' as well as I'p = (. In the latter case, (4.1)
becomes the Neumann problem, for which we have to assume the compatability condition fQ fdx+
Jpéds = 0. Then, u € H(Q) and, even more important, the test space H(Q) in the weak
formulation can equivalently be replaced by the entire space H'(€2). The same holds for the P1-
FEM, where uj, € S}(T) and where the discrete test is S} (7) or equivalently S'(7T). O

4.2 Scott-Zhang Projection

Since H'-functions are in general not continuous, nodal interpolation requires additional regularity
assumptions. In this section, we aim to provide some quasi-interpolation operator which is well-
defined for all w € H'(Q) and also has the projection property. We start with the following
elementary lemma

Lemma 4.1. For z € K, choose an edge E, € £ with z € E,. Then, there is a unique dual
function ¢, € P1(E,) such that

. V.Crds =8, forall 2’ € K. (4.4)

Moreover, it holds that ||, 1o,y < C|E.|" for some generic constant C > 0, which is in
particular independent of z and T .

Proof. According to the Riesz theorem, there is a unique function J € P0,1] such that
01 Yodt =3(0) for all g € P[0, 1].

Let @, : [0,1] — E, be an affine parametrization of the edge E, with ®,(0) = z. We define

Yod ' e PYE.).

1
Py = T

Clearly, [|¥: | pe(g,) < ||$||Loo(071) |E,|~!. Note that |®’| = |E,| and hence

1 1
Uiods = [ (.08 (Croa) L]t = [ G(0) (G0 @0 dt = C(2200)) = Co2)
E. 0 0
This concludes the proof. |

Definition. For each node z € K of T, we choose an edge F, € £ such that

° Ezng fOl“ZEfD,
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o F,CI for z €T,
e F, arbitrary for z € €.

Note that the precise choice is immaterial for the following analysis. For z € K, let ¢, € PY(E,)
be the corresponding dual function. Then, the Scott-Zhang projection is defined by

Jpv = Z ( . Y,v ds)(z. (4.5)

Clearly, Jj, : H(Q) — SY(T) is well-defined and linear. Our first proposition states that Jj, is
in fact a projection which preserves discrete boundary data.

Proposition 4.2. For v € H'(Q) and vy, € SY(T), the following properties (1)—(iii) are true:
(i) thh = Up.

(i) (Jpv)|w depends only on the trace v|, for w € {I',I'p}.

(iii) v|w = vplw tmplies that (Jpv)|w = v|w for w € {I',I'p}.

Proof. (i) Note that vy, = >/ vn(2')(r. By choice of 9., this shows
/ Yrupds = Z Uh(z')/ V.Cyr ds = vp(2).
E. e E.

With this, we deduce

hon =3 ([ wends) = )¢ =

ze

(ii) follows from the choice of the edges E,. (iii) We consider only w = I'p. We first note that

(Jhw)|rp, = Z%’:C </Ez wzwdS)Czer = Z </EZ wzwds>§z\rD for all w € H(1).

ZE]CQFD

For z € KNTp, it holds that E, C I'p and hence sz vy ds = sz Y,vds. Together with the last
equation and the projection property, we obtain that

(Jnv)Irp = (Javn)Irp = valrp-

This concludes the proof. |

Ezxercise 21. Show that Lemma 4.1 holds for any dimension d > 2. o

Note that the Scott-Zhang projection J,v is not defined for general L2-functions, since L?(T)
does not provide traces. However, one can define an appropriate variant as follows:
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Ezxercise 22. Construct a linear projection Py : L%(Q)) — S'(T) which satisfies
o [|Pyllr2(0) < C vl 12(q) for all v € L2(9).
o thh = Up for all Vp € Sl (T)

The constant C' > 0 may only depend on (7). Hint. Proceed as for the standard Scott-Zhang
projection. Instead of an edge E, associate with each node z € K an arbitrary element 7, € T
with z € T,. O

Next, we aim to show that the Scott-Zhang projection has local stability and approximation
properties. Unlike nodal interpolation, this will require appropriate patches.

Patch Q, of a node z € K Patch Qp of an edge FE € £ Patch Qr of an element T € T

FI1GURE 4.1. For the a posteriori analysis, we need three types of patches w C ), namely patches
of nodes, edges, and elements, respectively. Note that the patch of an edge (or of an element) just
s the union of the patches of its nodes.

Definition. For the a posteriori analysis, we need certain unions of elements, called patches, cf.
Figure 4.1: For a node z € K, we define

O, ={TeT|zeKr} aswellas Q. :=|J0% ={zecR?|IT Q. 2T} (4.6)
For an edge F € &, we define
Op ={TeT|KeNT#0}={T€Q.|z€Kkp} aswellas Qp:=JQ (47
Finally, for an element 7 € 7, we define
O ={T'eT|KrnT' #0} ={T" € Q.|2€ Ky} aswellas Qr:=|JOr.  (4.8)

The patches Q,, Qpg, and Qp are visualized in Figure 4.1.

Lemma 4.3. There is a constant C > 0 which depends only on o(T), such that
o 40, <C forall z € K,
o #Qp < C for all E € €,
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o #Qr < C foral T €T,
i.e., the number of elements per patch is uniformly bounded. Moreover,
o #{T'cT|T€Qp}<C forallT €T,

i.e., an element T € T belongs only to finitely many patches.

Proof. Note that o(7) provides a bound for the minimal interior angle of all elements T' € T;
see Exercise 16. Consequently, there is a maximal number C' > 0 of elements in (2., for all nodes
u € K. By definition, there follows #Qp < 2C as well as #Qp < 3C. |

An essential consequence of Lemma 4.3 is that

1/2
vl z2¢0) < (Z HUH%?(QT)) < Chaten V]l 12()  for all v € L*(Q),

TeT

where Cpaten > 0 depends only on (7). Another consequence of Lemma 4.3 is that the diameter
diam(Q7) of a patch is proportional to hp = diam(7"). This is stated in the following lemma.

Lemma 4.4. For a regular triangulation, it holds that
o diam(Q.) < Chy forallz€ K and T € €,
o diam(Qg) < Chg < Chyp for all E € & and T € Qp,
e diam(Qp) < Chyp for alT' € T and T € Q.

The constant C > 0 depends only on o(T).

Proof. 1. step. Note that hy < o(T)or < o(T)hg for all T € T and all edges F € Er.

2. step. Patch of a node 2z € K: For 1, = {T1,...,T,}, we may choose a numbering such
that T;_1,Tj are neighbours, i.e., Tj_1 NT; € €. From step 1, we derive hy,_, < o(T)hr;, whence
ho < o(T)" hyp for all T, T’ € Q.. This yields that

diam(Q.) < 2 max hp < 20(T)" thy forall T € Q..
TeN,

3. step. Patch of an edge E € £ With F = conv{zj, 22} for some 21,22 € K, it holds that

Qp = Q., UQ,, as well as Q, N QZ2 #0. Let T € Qp and n := = max{#%Q.,, #Q.,}. Without loss
of generality, we may assume T € §2,,. Choose T" € Qz1 N QZ2 Then,

diam(Qp) < diam(£,,) + diam(,,) < 20(T)" (b + hyr) < 20(T)" 1A + o(T)" Hhr.
4. step. Patch of an element T € T: Simply use the same arguments as in step 3. |

The Scott-Zhang projection is locally H'-stable and has a local first-order approximation prop-
erty.
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Proposition 4.5. For all T € T, it holds that

v — Jnvll L2y + Aol VIpvl L2y < Chr ||V 2@,y for allv € HY(Q). (4.9)

The constant C > 0 depends only on shape regularity of T.

The proof requires the following technical lemmata which are also valid in any dimension d > 2
as the proofs reveal.

Theorem 4.6 (Trace Inequality). Let T = conv{z,...,2q} C R? be a simplex in R with
|T| > 0 and diameter hp := diam(T). Let E = conv{zi,...,zq} denote one particular side of
the simplex. Then, for v € HY(T), it holds

Bl 2 E|
2 < 18] 2 Zh < =
HUHLZ(E) =1 (HUHLZ(T) + d THUV’UHLl(T)) =T

With the integral means vy = |T|™ [ vdz and vg == hi' [yvds, it holds that

(1 +2hr/d) [[v]|3 () (4.10)

| E| h

lv = vEl72g) < llv—vrl7em < C 7]

e IVollT2e, (4.11)

where C' > 0 depends only on the reference element Tyos and the dimension d.

The proof of the trace inequalities (4.10)—(4.11) is done with the help of the following lemma.
In particular, we shall see that both estimates are sharp. Note that, for d = 2, it holds that
|EI/IT| < 207" and |E|h2./|T]| < 20(T)hr.

Lemma 4.7 (Trace Identity). Let T = conv{z,...,z5} C R? be a simplex in R? with
|T'| > 0. Let E = conv{z,...,zq} denote one particular side of the simplex. Then,

wds = / wdr + —— / -Vwdzx 4.12
B3] / 7] a7 (4.12)

for all w € CHT).

Proof. We apply the Gauss Divergence Theorem to the function f(z) := w(x)(z — 20). With
div f(z) = Vw(z) - (x — 2z0) + dw(x), we obtain that

d/dex—I—/T(x—zo)-Vw(x)dx:/Tdivfdac:/8Tf-nds.

Note that (z — 29) - n(z) = 0 for x € 9T\ E, whereas (r — zq) - n(x) = dist(zo, H), where H C R?
denotes the hyperplane with £ C H. Therefore, the boundary integral simplifies to |, orf nds =
dist(zo, H f pwds and the latter equality reads

dist(zg, )| E| /
wdr + —— / Vwdr = ————"— wds,
7] / d|T| dr|  |E|

43



CHAPTER 4. A POSTERIORI ANALYSIS

which holds for any w € C*(T). The special choice w = 1 can be used to determine the w-

independent constant %ﬁ)lﬂ = 1. This concludes the proof. |
Remark. Note that Lemma 4.7 holds for any w € WH(T) := {w € L*(T) weakly differentiable
| Vw e LY(T d}, even with the same proof. O
Proof of Theorem 4.6. According to standard density arguments, it suffices to consider

v € CYT). Plugging w := v? € C1(T) into the trace identity (4.12), we see that

vods = /v de + —— [ (z — zp) - (20Vv) dz.
B i Jyte =0 )

This is rewritten in the form

T

2 2
1Bl 01172y = l[0l|72) + p /T(x —20) - (vVv) dz < [|v]|F2(p) + g hrlovelipu

< (1+2hr/d) [0l3 )

which proves (4.10). For the proof of (4.11), we simply replace v by v — vy and apply the Poincaré
inequality. This leads to

£ 2

o= vrls < o (o = vrlEaqry + 5 bl = orllan | 9olacr)
< Bl
]T\ (CPhTHVUHL2(T + deh IVolZa ™)

h
= (C% +2Cp/d) | !lf’lT Vol 220

The remaining estimate [|v — vg|p2(g) < ||v — vrl|L2(g) follows from the L?-best approximation
property of the integral mean. |

Lemma 4.8 (Generalized Poincaré-Friedrichs inequality). Letv € H ), TeT, T €
Qr, and E' € Epr. Define the integral means vy := (1/|T) [pvdz, vy = (1/|T'|) [7 vdz,
and vg == (1/|E'|) [z vds. Then,

lor = vrrl| L2y + llvr = ver 2y < Chr| Vol 2 (4.13)
In particular, this implies that
||’U - ’UT/HL2(QT) + HU — Vg HLQ(QT) < ChTHVU”L%QT)‘ (4.14)

In either estimate, the constant C' > 0 depends only on shape reqularity of T, but is independent
of 0 and the shape of Q.

Proof. To ease the notation, let vg := (1/|E|) [, vds also denote the integral mean over edges.
Let Tief denote the reference triangle and Eiof = [0, 1] be the reference edge of Tief.
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1. step. For any w € H(T), it holds that |wy — wg| < C |Vwl|2(7), where C' > 0 depends
only on shape regularity: With the trace inequality (4.11) on T', we see that

jwr — wpl = [|EI™" [ wr—wds| < B[ o - wrlze
E
—1/2 hr
<|E[7V*lw—wr|p2@ < C TARE IVwl| g2y =: C VWl p2(7)-

2. step. For all T, 7" € T with E:=T NT’ € &, shape regularity and the triangle inequality
yield that

lor — vri L2y = 1T lor — v S T2 or — vp| + 1T[V2vg — v
= lvr —vellL2r) + v — vellL2()-
With Step 1, we thus see that
lvr — vl L2y S hrllVollzeiry + b Vol g2y S hr IVl L2 (ot

where the hidden constant now depends on C' > 0 from step 1 and from shape regularity of 7.

3. step. If TNT' # (), there is a minimal n € N and elements Ty,...,T, € T with Ty = T,
T;NT;y€&and T; CQpforall j=1,...,n,and T, = T". Note that n is uniformly bounded in
terms of the shape regularity of 7. Iterating the argument from Step 2, we conclude (4.13) with
U;'L:o T; € Qp. The overall constant then depends on C' > 0 and +.

4. step. For each element T” € Qr, the Poincaré inequality and (4.13) show

v — vl Loy + Jv — vEr || L2y

S o =vrellp2ony + lvr — vl g2y + lor — vrel| L2y + llvr — ve | L2000
>~ |lv — vl L2y + lor — vl 2y + llvr — vrell Loy + lvr — vErll 2 (1)

< b |V g2y + by (V] 22000

S hr IVl L2

Summing this estimate over all 7” € Qr, we obtain that

v —vr 22 + v —ver 2 S hr VUl 2240
where the hidden constants depends only on shape regularity of 7. |

Proof of Proposition 4.5 (H'-stability). For z € K, let E, C T, € T and h, := diam(T}).
Note that T, C Qp for z € T. The trace inequality (4.10) yields that

oy S 12 (ol + e ol 190 lizry) S B2 (loBagrey + 12 19002,
With this and Lemma 4.1, we see that
| [ ods| < Wl Iollrqey S 12 ol

SN2 R M (Joll 2y + hal Vol 2y -
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For any hat function, an inverse estimate shows

IVCellzzery S bt G lnaey < ITV?hz"
Together with |E,|h, ~ |T,| ~ |T| and h, ~ hp, we therefore obtain that, for all v € H'(Q),
Vool < 3 | [ vwds|IVelmm S 3 (ol + [9ola).  (415)
zeknr VE= zekNT

With the integral mean vy := (1/|T|) [, v dz and the projection property Jyvr = vr, we apply the
last estimate for w := v — v and see that

IVInvll2ery = VI (v = vr)ll L2y S Z (hz ' v = vrllr2) + VOl z2(ry) -
zeKNT

According to the Poincaré inequality and Lemma 4.8, it holds that for all z € X NT,

v =vrllezr,) < v —vnllzzr) + llvr. —orllrza) S k= IVoll207)- (4.16)
Combining the last two estimates, we thus conclude ||V Jpvl|2(ry S |Vl r2(0y)- [

Proof of Proposition 4.5 (approximation property). We adopt the notation from the proof
of local H'-stability. Arguing as for (4.15), we see that

| Jnvll L2y < Z ‘ / v ds‘ 1CNlp2(ry S Z (ol L2(rsy + Pz IVl 27 - (4.17)
zeknT 7 E= zekKNT
With the integral mean vy := (1/|T|) [, vdx and the projection property Jyvr = vr, we apply the
last estimate for w := v — v and see that
v = Jnvll2¢r) = (v = vr) = Jn(v — vr)||L2(T)
< v —=wvrllp2ery + [Jn(v —v1) | 22(7)

S hr Vol ey + Z (Ilv = vrllp2er) + hz Vol 21,))
zeknNT

Finally, we employ (4.16) and h, =~ h to conclude [|v — Jpv||2(1) S hr VUl 22001 |

The following theorem concludes the main properties of the Scott-Zhang projection:

Theorem 4.9. The Scott-Zhang projection Jy : H(2) — SY(T) has the following properties
(i)—(vii):
(i) Jp, is linear and continuous with respect to the H'-norm, i.e.,

[ Jnvll gy < C (1 + diam(Q)) [[v][ g1y  for allv e HY(Q). (4.18)

(i) Jy, is a projection onto SY(T), i.e.,

Jpon = v, for all v, € SY(T). (4.19)
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(iii) Jy preserves discrete boundary data, i.e., for w € {I'p,T'} it holds that
(Jp)|w = vl for allv € HY(Q) with v|, € SY(T ). (4.20)
(iv) Jp, is locally H'-stable, i.e.,
IVIwllz2ry < CIVVllr2py  for allv € HY(Q) and T € T. (4.21)

(v) Jn has a local first-order approximation property, i.e.,

(1= Tw)vll 2y < Chr Vol 2y for allv e HYQ) and T € T (4.22)

(vi) Jy is quasi-optimal in the sense of the Céa lemma, i.e.,

[(1 = Jn)vll 1) < C(1 + diam(€2)) H}Sill%T) v —vnllgi) for allv e HY(Q). (4.23)
VR E

(vil) For all « € R, Jy is quasi-optimal in the sense of

A"V = ol € C | min [V ) 120 (4.24)

The constant C' > 0 in (1)—(vii) depends only on shape reqularity of T .

Proof. (ii)—(v) have already been shown, and (i) is a direct consequence of (vi) and the triangle
inequality. (vii) Let v, € SY(T). With the projection property of .J; and (iv), we see that, for all
TeT,

IV = Jn)vllpzery = IV = Jn) (0 = vn)llL2ery S 1V (0 = or)ll22(07)-
With shape regularity and hence hp ~ hy for all T" C Qp, we infer
[PV (1 = Tn)vll p2¢r) S 1AV (0 = va) | L2(0g)-

Using the shape regularity again, this results in

1RV (L = Tn)oll ey = D IRV = Ju)ollZamy S D I8V (0 = w720y
TeT TeT

SRV (0 = on) 172 ()

This proves (vii) with an infimum on the right-hand side. Due to finite dimension, this infimum is,
in fact, attained. To prove (vi), it remains to estimate the L?-part and use a = 0 in (vii). With
the projection property of J, and (v), shape regularity yields that

(1 — Jp) ”L2 Z (1 — Jp)( ||L2(T) Z hT [V (v )H%%QT)
TeT TeT

S diam(Q)? |V (v — o) 1720
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Altogether, we thus see that
1= Tl S (L4 diam(©)2) [ V(0 — 0220y S (1 + diam(€)? [[o — o2
This concludes the proof of (vi). [

Remark. Theorem 4.9 holds for any dimension d > 2 and for any fixed polynomial degree p > 1.
O

One drawback of the Scott-Zhang projection is that it is not positivity conserving, i.e., v > 0
does not necessarily imply that Jyv > 0.

Exercise 23. Suppose that T is a regular triangulation of € := [0,1]? into 2 triangles. Find
an example of a function v € HA1 (Q) with v > 0 such that there exists some z € Q with Jpv < 0.
Hint. Compute the function 1) € P1(0,1) from Lemma 4.1 explicitly. |

Ezxercise 24. Extend the approach of Exercise 22 and construct an operator P, : L*(Q) —
S4(T) with the following properties:

(1) Py : L*(Q2) — SH(T) is a well-defined linear projection,
Pyup, = vy, for all vy, € SH(T).
(ii) Py is locally L2-stable, i.e., for all T' € T, it holds that
II(1— Ph)UHL2(T) <C Hv||L2(QT) for all v € L*(9).
(iii) P, is locally H}-stable, i.e., for all T € T, it holds that
IV(1 = Py)vllzery < C | Vvll e,y for all v € HH(Q).
(iv) Pp has a local first-order approximation property
(1 = Po)vllp2ery < Chr |Vl 2,y for all v € HEH(Q).

(v) Py : L3(Q) — L*(Q) as well as Py, : HL(Q) — HL(Q) are bounded linear operators.
(vi) Jp is quasi-optimal in the sense of the Céa lemma, i.e.,

(1= P)vllgi) < C minT) v —vpllgi forallwe HL(Q).

Vp, 68}3(

(vii) For all @ € R, Py is quasi-optimal in the sense of

[RY(1 = Pp)vll2) <€ min _ ||h%(v — vp)|[r2() forallve L*(9).
’Uhele(T)
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(viii) For all o € R, P}, is quasi-optimal in the sense of

1h°V (1 = P)ollpa <€ min_ [|hoV (v — vy)ll 20y for all v € H(€).
vaSID(T)

The constant C' > 0 in (i)—(viii) depends only on shape regularity of 7. Hint. Let Kr := KC\I'p
denote the free nodes, where possibly Kr = K for I'p = (). Then, P, can be chosen as

Po=Y" (/ vwzda:)gz

z2EKR Z

with appropriate T, € T and v, € PY(T}). |

Definition. The Scott-Zhang projection is just a special example of a Clément-type quasi-
interpolation operator: We say that an operator J, : H5(Q) — SH(T) is a Clément-type
quasi-interpolation operator if, for all v € H5(Q) and all T € T, it holds that

e it is locally H'-stable

V(L= Jp)vll2ery < CVollr2r), (4.25)
e and has a local first-order approximation property

11 = Jp)vll 2y < Chr [Vl L2y (4.26)

The constant C' > 0 may only depend on shape regularity of 7 (and possibly the shapes of possible
patches in T).

For the a posteriori error analysis, we shall need the following simple consequence.

Lemma 4.10. Suppose that Jy, : H,(Q) — SH(T) is a Clément-type operator, i.e., (4.25)-
(4.26) hold. Let T € T and E € Ep. Then, it holds that

(1= Tn)vll 2y < Chil? Vol 2,y for all v € HE (). (4.27)

The constant C > 0 depends only on shape regularity of T.

Proof. We apply the trace inequality
lwllZem) S by (1wl o) + b 1wl 2o IVl )
for w = (1 — Jp)v € H}(Q). With the Clément properties (4.25)—(4.26), this yields that
(1= T)vl 22y S br Vol 72,-
Shape regularity and hence hr ~ hp concludes the proof. |

The following example is one further classical example of a Clément-type operator. The analysis
will be left to the reader, but requires the following simple observation:
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Ezxercise 25. Use a scaling argument to show that

hr

V2

where the constant C' > 0 only depends on o(7) and the polynomial degree m € Nj. O

C 'hy ||Vvh||Loo(T) < ||Vvh||L2(T) < ||Vvh||Loo(T) for all v, € P™(T),

Ezercise 26. Let Kr := K\I'p denote the free nodes (where possibly Kr = K if I'p = 0).
Define

1

— vdzr, 4.28
02 Jo. (4.28)

Jpv = Z v,(, with wv,:=
zeKp

where 2, C Q denotes the patch of a node z € K. Prove that .J;, satisfies the following
properties:

(i) Jn: L*(2) = SL(T) is a well-defined linear operator.
(i) Jp, is locally L2-stable, i.e., for all T' € T, it holds that

(1= Jp)vllr2(ry < Cvllp2(,) forallve L3 ().

(iii) Jp, is locally Hj,-stable, i.e., for all T' € T, it holds that

HV(l — Jh)UHLQ(T) S C HVUHLZ(QT) for all v € HE(Q)

(iv) Jp has a local first-order approximation property

”(1 — Jh)'UHL2(T) < C’hT ||VUHL2(QT) for all v € HE(Q)

(v) Jp: L2(Q) — L*(Q) as well as Jj, : H5(Q) — H5(Q) are bounded linear operators.
(vi) Jj is positivity preserving, i.e., Jyv > 0 for all v € L?(Q2) with v > 0.

(vii) With TI, : L*(Q) — P°(T) the L%-orthogonal projection onto P°(T), it holds that
JITy = Jh.

The constant C' > 0 depends only on shape regularity of 7. O

Exercise 27. Find a counter example which shows that the operator J, from Exercise 26 is
no projection, i.e., it holds that Jyvy, # vy, for some v;, € St (T). O
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4.3 Residual-Based Error Estimator

Residual-based a posteriori error estimates follow a general strategy. Recall that the weak solution
u € HL(Q) of (4.1) solves the variational form

(Vu; Vo)ro) = (f ;v)r20) + (95 v)r2(ry) forallv e HH(Q). (4.29)

For an approximation uy, € SH(T) it is thus natural to define the residual R;, € H}(Q)* by

Rp(v) == (f 5 v)r20) + (65 0)2(0y) — (Vun 5 V)2, (4.30)
ie., Ry =0 if and only if up, = u. Let [|w]] := ||[Vw|| 2y denote the energy norm on H}(€2) and
O (w)
ol = sp

weHE ()\{0} llwll

the induced operator norm on H4,()*, where we stress that both are equivalent norms on H} ()
and its dual space, respectively. Then, the Riesz theorem and Ry (v) = (V(u —us) ; Vv)12(q) yield

I Balls = llu — wanll
To derive a reliable error estimator 7, we thus need to prove an estimate of the type
Rp(v) < Cran|lv]|  for all v € HL(R). (4.31)
To derive an efficient error estimator 7, we need to show
Ry(v) > Cegn||v]|  for some v € Hp(2)\{0}, (4.32)

where this v € H}(Q2) has to be constructed appropriately.

Ezxercise 28. Prove that reliability (4.2) of an error estimator 7 is, in fact, equivalent to (4.31).
Prove that efficiency (4.3) of n holds if and only if (4.32) holds. O

So far, our observations did not use that we are dealing with Galerkin schemes. We stress that
the Galerkin orthogonality reads

Rp(vp) =0 for all v, € SH(T) (4.33)

with respect to the residual Rj. To provide a reliable (and residual-based) error estimator 7,
we will use some Clément-type operator Jj, : HY(Q) — Sh(£) in connection with the Galerkin
orthogonality (4.33).

Before introducing a first a posteriori error estimator, we introduce the following notational
conventions. We define the 7T -piecewise resp. £-piecewise constant mesh-width functions

hT|T = hT and hg|T = hE
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for elements T' € T and edges E € &, respectively. Moreover, we write

1/2 12

Eecé.

for any set £ C & of edges and any function v which belongs to L?(E) for all E € &,. Recall
that £p and £y denote the Dirichlet and Neumann edges of T, respectively. Moreover, let g
denote the set of all interior edges, i.e., for F¥ € £, there are unique elements T’ E , T € T with
b= TE NTy. Finally, for E' € &g, we define the jump of the normal derivative by

8uh 8uh

+ — R, (4.34)

[Onun]E == — —
8ng ong

where n:Et denote the outer normal vectors of the elements TfEE on the edge F. Note that nJEC = -ny
so that the sum in the definition is, in fact, a difference.

Theorem 4.11. The error estimator

2 2 1/2
0= (7 F 32 + 10 2 Onun] 32(sq) + 1he* (& = Onun)32(ey) (4.35)

satisfies the reliability estimate

|u—unllgr@) < Cn, (4.36)

where the constant C > 0 depends only on y-shape regularity of T .

Proof. For all w € HB(Q), elementwise integration by parts proves

Ry(w) = (f 5 w)r2g) + (@5 w)rary) — D (Vun ; Vo) raer)

TeT
= (f;w)2) + Z (05 w)r2m) — Z(anuh ;W) r2(a7)
Eeéln TeT
=Y (fswizmy + Y (60— Ohun i w)rzm — Y ([Onun] ; w)ra(m)
TeT Eecén Ec&q
< ey lwllzzey + D ¢ = Onunllremylwllzze + > 0nunlllresyllwlzem).-
TeT EecEn Eec&q

For arbitrary v € H5 (), we now choose w = v — Juv and note that Rp(v) = Rj(w) according
to the Galerkin orthogonality. Then, we estimate the three sums separately. The approximation
property of the Clément-type operator J, and Lemma 4.3 imply

/ /
S el = dhvlliay S (3 107 fleen) ' (3 190120n)
TeT

TeT TeT 2 » 2 s
< (Z HhTfHLQ(T)) (Z IIVvHLz(T))
TeT TeT

= b7 fll2 @ IVl L2 (0)-
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For each edge E € &£, we choose an arbitrary element Tp € T with E € £r,. Let & C &£ and

¢ € L*(E) for all E € &,. Recall that ||[(1 — Jp)vll 2 S hjlg/2 HVUHLg(QTE). Therefore, the same
arguments as before prove

/ /
S Wellzm o~ Tz < (3 10E20030m) " (X 1900ay,)

Eeé&. Fek, FEecé,
1/2
S bl e

where we note that an element 1" € T may satisfy T' = T for at most three edges. Altogether, we
now see

Vo[22,

Ru(v) S 1Yol 220y (b7 Fll2 ) + 10 2 10nundll o) + 177 (@ = nun) |l L2ex))
< V3Vl 20 n-

The hidden constant C' depends only (on the Clément operator J; and) on 7-shape regularity of
T. "

Remark. Note that we have used uj, € S'(T) in the sense that the elementwise Laplacian satisfies
Aup|lp = 0 for all T € T. For general T-piecewise polynomials, the same proof applies with

A7 fllL2() replaced by (A7 (f + Aup)| L2(q)- O

Ezxercise 29. We consider the mixed boundary value problem

—Au=f in €,
u=up onlp,
Opuu=¢ onI'y.

with inhomogeneous Dirichlet data up € H'/?(Tp). Let u € H'(Q) denote the weak solution
and uy, € S'(Ty,) the P1-FEM solution for discrete Dirichlet data upy, := Upp|r, with @p, €
SY(T). Use the additional problem

—Aw =0 in €,
W =up — upp On FD,
Opu =0 on I'y.

with weak solution w € H'(Q) to derive a reliable error estimator for ||u — up| ()

Hint. Prove that ||w|[g1(q) = [lup — upnl g1/2(r,,), Where the right-hand side is already an

a posteriori term. Then, consider the residual Eh € H}j(Q)* corresponding to the function

(u—up) —w € HL(Q). O

Next, we prove the efficiency of the residual-based error estimator 7 from (4.35) — at least up
to terms of higher order. The efficiency estimate even holds locally with refined patches wg and
wr shown in Figure 4.2: For an interior edge FE € &g, let TE , T, € T be the unique elements with
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Patch wg of an edge E € £ Patch wr of an element T € T

FIGURE 4.2. To prove the efficiency estimate, it suffices to consider smaller patches wg C Qg
and wp C Qp, for edges E € £ and elements T € T, respectively. For comparison with the larger
patches Qg and Qp, the reader may consider Figure 4.1 on page 41.

E = TE NTy. For a boundary edge E € &r, there is a unique element T € 7 with E € &r,,. We
define the refined patch of an edge E' € £ by

T UTs for E
wg ;:{ pUTp lor el (4.37)

Tk for E € &p.

Moreover, we define the refined patch of an element T' € T by
wp = U {wE | Ee ET}. (4.38)

Note that wgp C Qp and wpr C Qp, so that Lemma 4.3 and Lemma 4.4 even hold for the refined
patches.

Usually, one is interested in error estimators which are localized with respect to the elements
or the edges of T, respectively. For instance, one considers the element-based residual error
estimator

Ny = ( > nT)l/Q, (4.39)

TeT

where

1/2
nr = (W1 13cr) + bl 10nund 32 orng) + hrllé = Onunlagorar,) (4.40)

or the edge-based residual error estimator

- ( 3 77]25>1/2, (4.41)

Ee&
where
1/2
(WE F13 20y + R [Ontun] |2 ) for E € g,
e = (h2EHfHL2 (wg) —|— hEH¢ 8 'LLh”LQ(E)) 1/2 for F € 5N7 (442)
for £ € &p.
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Alternatively, one could also define

NTuE == ( S+ 77]2;)1/27 (4.43)

TeT Ee€
where
nr = h’THfHLQ(T)) (4.44&)
h}LJ/Q [[Onun]llL2(m) for E € &g,
e = h}Z/Q ¢ — Onunllp2my  for B € &n, (4.44b)
0 for £ € &p.

Note that 17 as well as ng are equivalent to the error estimator 1 from (4.35): There holds
n=nrue <nr <V20(T)Y?n aswellas o(T)"1n<ne <V3n,

since 7 adds the contributions of interior edges twice and hy < hy < o(7Ty) hg for each edge
E € &p, whereas n¢ adds the element contribution at most three times. The local quantities
nr and ng can be used to steer an adaptive mesh-refining algorithm. They are therefore called
refinement indicators. We are going to discuss adaptive mesh-refinement below.

Theorem 4.12 (inverse estimate). For all polynomial degrees m € N and k,r € N with
k > r, there exists a constant C > 0 such that

D%yl 21y < Co(T) Wy *|D" vyl 2y for all v, € P™(T) and all T € T, (4.45)

where P™(T) :={vp : Q= R|VT € T wplr € P™(T)}.

Proof. The proof is done T-elementwise and follows from a scaling argument. We start with an
abstract observation.

1. step. Let X be a finite dimensional space, || - ||x be a norm on X and |- |x be a seminorm
on X. Then, there exists a constant C' > 0 such that

lz|x < Clz|x forallze X :

We consider the quotient space X/Y, where Y := {x e X ‘ lz|x = O}. Note that X/Y is finite
dimensional and that

+Y = inf ||z + 11 +Y = inf |z + =
|z + Y x/y ;gyllw yllx aswellas [z +Y][x/y ylgylw ylx = |z[x

are norms on the finite dimensional space X/Y. Therefore, there is a norm equivalence constant
C' > 0 such that

zlx =z +Y|x)y <Cllz+Y|xy <Cllz|x foralzeX.
2. step. There exists a constant Cpef > 0 such that

HDkwhHLQ(Tref) < Cref”DrwhHL?(Tref) for all wp, € Pm(Tref).
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This follows from the abstract framework for X = P"(T}ef).

3. step. Proof of the statement: Let ® : Tyt — T be an affine diffeomorphism and B € R?*?
its linear part. We apply the transformation formula to ®~! to see that

1D* vl L2y < | det B7H V2 BTHIEID" (v 0 @) 12,0

Note that the L?-norm can be estimated by step 2 since vj, o ® € P™(Tet). The application of the
transformation formula to ® proves that

1D" (o, © @)l 2(7,,p) < | det B2 || B[] D" vn | g2z -
By definition of the shape regularity constant o(7), we obtain that

D"l 2(r) < Chret | BHIEIBIE D 0nl| 2y < V2 Cretor || D vp || 12
< \/icref J(T)hg“_k”DrvhHLQ(T)a

where we have used that | B~!||p < v/2 o7'. This concludes the proof. [

Theorem 4.13. We define fr € PUT) by frlr = |T|7! [ fdx and ¢g € P(En) by
oclp = hEl [ @ ds. For each element T € T, the refinement indicator nr from (4.40) satisfies

1/2
< C (IV(u— w22y + T (f = F) gy + 11876 — 0| 2aorrryy) /2 (4:46)

Moreover, the error estimator n from (4.35) is efficient in the sense that

1< C (lu—unllgq) + Ih7(f — )2 + 1he (6 — de)llL2rn))- (4.47)

The constant C' > 0 only depends on the shape regularity constant o(T).

Remark. For f € HY(T) holds [h7(f — fr)ll12@) = O(h?). For ¢ € CY(Ex) holds [|hy*(¢ —
be)ll2(ry) = O(h3/?). Even for u € H?(Q), the error as well as the error estimator 7 only satisfy
v —un| g1q) = O(h) = n. Therefore, the two terms on the right-hand side are of higher order. O

Proof of Theorem 4.13. 1. step. Estimate (4.47) is a consequence of (4.46) since
1/2
n<nr= (Y m) " <20 (lu-wnlm + Ihr(f = fr)lla@ + 1036 = de)llay))-
TeT

Here, the factor 2 = 41/2 appears since each element T € T belongs at most to four patches wy.

The proof of (4.46) is split into three steps, where we consider each of the three contributions
of nr separately.
2. step. There holds

Ihr fllczery < C (IV(w = up) | 2¢ry + 17 (F = fO)llL2er)) (4.48)
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For T € T, we define the element bubble function

HCZGHO )N P3(T)

zEKT

as product of all three hat functions. It is essential to observe the following estimate

1£767 2y < 102 2N ieery < F7llery < Cretll frbrll 2oy, (4.49)

where the existence of an independent constant Cies > 0 follows from a scaling argument. We
stress, however, that || f7br|/z2(r) and hence Cief — since fr is constant on 7' — can explicitly be
computed. In the following, the main idea is to use integration by parts for v := frbr € H}(T) to
show

Crat I f711Z2(r) < ||f7'b1/2||L2(T) = (fr; 02y = (fr = f5 V) 2y + (f + Bup 5 v) 21

[
=(fr—1r; U)L2(T (V(u—up) ; vU)LZ(T)-

Now, we estimate each of the two scalar products on the right-hand side by use of the Cauchy
inequality. Together with v = f7bp € P3(T) we observe

(fr = Fs 02y < M= ezl frorliceay < = fleza)lfrilicee

as well as

(V(u—=un) 5 Vo)rzry < [|V(u = up)ll 2 IV (frbr)l 2(1)
< Cinvhp IV (u = up) | 2y L fr2 || 22 ()
< Cinwh IV (w = up) | () L 71 L2y

Altogether, we see

hollfrilceery < Cog(hrll fr = Fllzzer) + Cav |V (u = w) | z2(ry)

which finally results in

hrll fllzeery < U+ C) (hrll fr = Fllzzr) + Cine IV (w = un) | 221

3. step. For an interior edge E € &g, there holds

h 2 N [0nundll 2 ey < C (1Y (= wn) | z2(wp) + 10T (f = F) | 12w (4.50)

To prove this estimate, we define the edge bubble function

= [ ¢ € Hi(we) nP*(T).

z2€EKE
The essential estimate reads
1/2 1/2
1525y < 1637l z2(m) < i < Chetllbillz2(). (4.51)
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where the constant Ces > 0 is independent of E. In particular, this provides
1/2
Cret I[0nun]lZ2 (g < [Onunlby 1720y = ([Onun] 5 [Onunlbe) 2(m)

et 1y € e the unique elements wit NIy, = and wg = Uily,. ote that
Let T, Ty € T be the uni 1 ith T4 N Ty = E and TETEN h

v := [Oqupllbp € P2(TZ) satisfies v[aT]}_L\E = 0. Therefore, integration by parts on Ty proves

([Onun] 5 v)r2(m) = (Opun )Lz(aTg) + (Onun ; U)L2(3T§)

(
= (Vun 5 VU) 1200,
= (V(un —u) ; VU)r2(05) + (f 5 0) 22 (wp)
< (Cinv IV (un = W)l 22w + 1T Fll L2 (0)) 107 0l L2(0):

where we have applied the Cauchy inequality and an inverse estimate for v € P?(T). For T €
{T, T} holds
1/2
lollz2r) = [[0nunlBlIbEllL2(ry < TV |[Onun] el < L= 1[0nun]ll 22

V2

since |T| < 2hrhg. From this, we infer
1/2), — —1/2
h 107 0l 2y < 10720l gy < MBnun]lc2cm)
This finally proves

Rl | [0nun] 122 < CRe(Ciav IV (i = )| 2y + 1T Fll 22y NIOntunlll 2y

and we may conclude this step by use of step 2 to dominate ||h7 fl|12(.p)
4. step. For T € T and a Neumann edge F € Ey N Ep, it holds

e — OnunllL2(:)
< C(IIh*(¢ — $e) 2y + 1V (w — )l g2y + Wb (f = F) |2 -

We consider again the edge bubble function bg € P2(T) and note that belor\e = 0. With v :=
(pe — Onun)br € P?(T), we proceed as in step 3 and obtain

Cret 16 = Onunlliz ) < (P — Opun 5 0) 2wy = (de — &5 0)r2(m) + (6 — ntn 5 V) L2y

For the second term, we employ integration by parts to see

(4.52)

(¢ — Onun 3 v)p2(p) = (On(u — un) 5 v)2(07)
= (V(u—wupn); Vo)p2er) — (f 5 v)2(1)

< (Con IV (u = )2ty + 07 F L2 b

2||pe — Onunllr2(e

The first term is estimated by the Cauchy inequality directly
(9 = &3 0) ) < b (e = &)l lIhg Polla(r)
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There holds
1]l 2y = (62 — Onun) | Elllbe] r2m) < hil*|(Se — Onun) ] = l6e — Ontun r2(m).
Altogether, we thus have shown
2
hil | be — Onun 32
< CLi (Conv IV (w = wn) | z2(ry + N7 £l p2ry + 1he? (¢ — D) 2)) l9e = Onunll 12y

Here, ||h7f|12(r) is estimated by step 2, and ¢g on the left-hand side is replaced by ¢ with the
help of the triangle inequality. |

Ezxercise 30. Prove that f7 in Theorem 4.13 can be replaced by an arbitrary T-elementwise
polynomial fr € P™(T). The constant C' > 0 in (4.46)—(4.47) then additionally depends on
the polynomial degree m € Ny. O

Remark. With the help of a so-called extension operator that extends a polynomial p : £ — R to
a polynomial Fyyp : T — R, one can show that ¢¢ in Theorem 4.13 can be replaced by an arbitrary
En-edgewise polynomial (with respect to the arclength). O

Actually, the the volume residual contribution [|h7 f||12(q) = O(h) to 1 can be improved. This
is done in the following exercise, where this term is replaced by some higher-order term O(h?).

Exercise 31. Let ., = supp((,) denote the node patch of z € K. For f € L2(), let
foi=]Q |71 sz f dx denote the corresponding integral mean. Prove the following claims:

(i) For all inner nodes z € IC\I', it holds

1/2
/Q FRGede <O I0wunl2ey) 1072 ol e,

Eec&q
zelR

(ii) For all inner nodes z € K\I' and elements T' € T with z € T, it holds

_ 1/2
CH Iy fIB 2y < hr (F = £ 32y + D Ihe 2 10nun] |32
EESEQ
ze

(iii) Derive the equivalence

C7? <72 = hg 2 [0nunl2 sy + 1> (6 — Onun)|2oe,)

+ Y b (f = F)lF2q. < O
zeR\Q

(iv) Conclude that the improved error estimator 7 is reliable and efficient.
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(v) In what sense is the error estimator 77 improved when compared to 7.

The constant C' > 0 in (i)—(iii) depends only on v-shape regularity of 7. |

The following MATLAB code computes the vector of the element-based refinement indicators 7y
from (4.40). The integral

By = B [ 2o W17 f(s0)* = TP Fs1)

is computed by 1-point quadrature associated with the center of mass sy of T'. The integral

hrllo = duunllismnryy = 30 [ (6= dunds
EcErnNéEn E

> hrhe(é(me) - (Ouun)|s)’

EeErnén

Tl Y (6(me) — Guun)le)?

Eecérnén

%

12

is computed edge-wise by midpoint quadrature.

function etaR = computeEtaR(x,coordinates,elements,f,dirichlet,neumann,phi)

% ETAR = COMPUTEETAR(X,COORDINATES,ELEMENTS,F,DIRICHLET,NEUMANN,PHI)
% computes the element-based refinement indicators associated with
% the residual-based error estimator. ETAR is a column vector, where
% ETAR(j)"2 = |Tjl * || £ [I_{L"2(Tj)}"2
%+ ITjlI~{1/2} * || jump(\partial_n u_h) ||_{L"2(\partial Tj \cap \Omega)}~2
%+ ITjI"{1/2} * || \phi - \partial_n u_h ||_{L"2(\partial Tj\cap\Gamma_N)}"2
% The exact integrals involving F and PHI\lastmodified{11.05.2009%}
are integrated by midpoint
% quadrature.

% (c) 2007,2008 by Dirk Praetorius, last modified 08.01.2008

% dirk.praetorius@tuwien.ac.at - http://www.asc.tuwien.ac.at/"dirk
M = size(elements,1);
N = size(coordinates,1);

etaR = zeros(M,1);
int = sparse(N,N);

Jx**x Compute normal derivatives \partial_nT(uh) on all edges
for j = 1:M

nodes = elements(j,:);

B=1[111; coordinates(nodes,:)’];
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26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
0]
51
92
53
o4
%)
o6
o7
o8
99
60
61
62
63
64
65

G=B\N[0O0O; 10 ; 01];

grad = G’*x(nodes); % gradient \nabla u_h on element T_j

for k = 1:3
nodel = nodes(k);
node2 = nodes(mod(k,3)+1);

normal = [1 -1]*coordinates([nodel,node2],:);

normal = normal*[0 1;-1 0] / norm(normal);
int (nodel,node2) = normalxgrad;
end
end

%*x* Delete data in case of Dirichlet edges
for j = l:size(dirichlet,1)

nodes = dirichlet(j,:);

int (nodes (1) ,nodes(2)) = 0;
end

%*** Evaluate exact Neumann data on Neumann edges
for j = 1:size(neumann,1)

nodes = neumann(j,:);

m = [1 1]*coordinates(nodes,:)/2;

int (nodes(2) ,nodes(1)) = -phi(m);
end

%**x* Compute residual-based refinement indicators
for j = 1:M
nodes = elements(j,:);

%x*x* Compute volume contribution by midpoint quadrature

sizeT = det([1 1 1 ; coordinates(nodes,:)’])/2;
s = [1 1 1]*coordinates(nodes,:)/3;
etaR(j) = sizeT 2*f(s)"2;

%x** Add edge contributions

for k = 1:3
nodel = nodes(k);
node2 = nodes(mod(k,3)+1);

hE = norm([1 -1]*coordinates([nodel,node2],:));
etaR(j) = etaR(j) + sizeT*(int(nodel,node2)+int(node2,nodel))"2;

end
end
etaR = sqrt(etaR);
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Ezxercise 32. Consider the homogenous Dirichlet problems

—Au=1 in Q,
u=0 onI =0Q,

with © being either the square Q = (—1,1)2 or the L-shaped domain Q = (—1,1)2\[0, 1]2.
Plot error and error estimator over the number of elements. How can one use the plot to see
whether an error estimator is reliable and/or efficient? O

Ezxercise 33. Note that the computational time of the function computeEtaR grows quadrat-
ically with the number M = #T of elements. This is due to the successive assembly of the
sparse matrix int. Improve the implementation so that one observes real linear complexity. O

FEzxercise 3. For the computation of the residual-based refinement indicators 7, the given
MATLAB codes approximates the exact data f and ¢ for the terms

A7 fllL2(ry and Hhém((b — Opup)|r2(py for T € T resp. E € &y

by flr =~ f(sr) and ¢|g = ¢(mpg). Here, sy and mp denote the center of mass of T and the
midpoint of E, respectively. Formally, this leads to an approximation 7 of nr. Prove that,
for f € H2(T) and ¢ € C%(Ex), there holds

ng — el < C (IB3V flmen + 12 lovex)

with a constant C' > 0 that only depends on o(7). Consequently, the computed estimator 7r
is, in fact, reliable and efficient up to terms of higher order. |

4.4 Adaptive Mesh-Refining Algorithm

Usually, a posteriori error estimates are not only used to estimate the (unknown) error ||V (u —
up) | £2(q) but even to steer the local mesh-refinement. Let

= (Tze;n(T)?)” 2

be an a posteriori error estimator, where the quantities n(7") := np reflect —at least heuristically—
the (unknown) local error ||V(u — up)|[z2(ry for all T € T. We then aim to refine only the ele-
ments T € T, where n(T) is large. Therefore, the quantities n(7") are usually called refinement
indicators (or error indicators). To state our version of an adaptive algorithm, we introduce some
additional notation which will be used from now on.

e the index ¢ € Ny denotes the step of the adaptive algorithm,

e 7; is the mesh in the ¢-th step of the adaptive algorithm.
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e Ny and & denote the associated sets of nodes and edges, respectively.
e Uy € Xy :=S}(Ty) denotes the Galerkin solution in the ¢-th step.
e hy € PU(Ty), hy|r := diam(T) is the local mesh-side function.

With this notation, one common strategy is the following: Let 6 € (0,1) be the parameter for the
adaptive algorithm.

Algorithm 4.14 (Adaptive Mesh-Refinement). Input: Initial triangulation Ty, toler-
ance T > 0, adaptivity parameter 6 € (0,1), counter £ := 0.

(i) Compute discrete solution Uy.
(ii) Compute refinement indicators ny(T') and error estimator n; = (ZTen ng(T)2)1/2.
(iii) Stop computation provided that ny < T

(iv) Choose the minimal set My C Ty of marked elements such that

Onf =0 > (T < D m(T) (4.53)

TeT, TeM,

(v) Generate a new regular mesh Toi1, where at least all marked elements have been refined.
(vi) Update £ +— £+ 1 and goto (i).

Output: Finite sequence of discrete solutions Uy and corresponding error estimators 1.

Remark. Clearly, the stopping criterion (iii) is only meaningful if 7, is reliable and if the reliability
constant in ||V (u—Up)| r2(q) < Cre1 ¢ is known. In practice, runtime and storage requirements are
the limiting quantities for a numerical simulation. Usually, one thus uses rather a maximal runtime
or a maximal storage requirement, e.g., the maximal number of elements, as a stopping criterion.
Adaptivity is then used to obtain an —in some sense— optimal approximation with respect to
these side constraints. O

Remark. The marking criterion (4.53) was introduced by DORFLER (1996). It will be crucial to
prove convergence of U, to the exact solution u € H},(Q) of (4.1). Note that the choice 6 — 0
in (4.53) leads to highly adapted meshes, whereas § — 1 corresponds to (almost) uniform mesh-
refinement. However, for small 6, only a few elements are refined per step. This may result in too
many steps in the sense that usually the assembly of the Galerkin data is the most time consuming
part of the algorithm. In practice, a good compromise between sufficient mesh-adaption and as few
steps in the loop as possible appears to be 8 ~ 0.25. a

Remark. In the beginning of the analysis of adaptive FEM, Babuska proposed the following
marking criterion: An element T € T is marked for refinement if and only if

nr > 6 max {nT/ }T’ S T}, (4.54)
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which is called bulk criterion in the literature. Convergence (but not optimality) of this version
of adaptive FEM was proven by MORIN, SIEBERT & VEESER (2008). Very recently, DIENING,
KREUZER & STEVENSON (2014) proved the so-called instance optimality of the adaptive algorithm
for some extended bulk criterion. O

Before we comment on the local mesh-refinement in step (v) of Algorithm 4.14, we give a simple
MATLAB realization of Algorithm 4.14. We use the number of elements M := #7 and stop the
adaptive algorithm when M > My ax.

function [x,M,energy,etaR]
= solvelaplaceAdaptively(coordinates,elements,f,dirichlet,neumann,phi,theta,Mmax)

ell = 1;
while 1
M(ell) = size(elements,1);

Jx** Compute discrete solution and cooresponding energy
[x,energy(ell)] = solvelaplace(coordinates,elements,f,dirichlet,neumann,phi);

%x** Compute refinement indicators and error estimator
indicators = computeEtaR(x,coordinates,elements,f,dirichlet,neumann,phi);
etaR(ell) = norm(indicators);

%x** Stopping criterion
if M(ell) >= Mmax

break
end

Jx*x Use Doerfler marking to mark elements for refinement
[indicators,idx] = sort(indicators.”2,’descend’);

sumeta = cumsum(indicators);

m = find(theta*sumeta(end)<=sumeta,l);

marked = idx(1:m);

%x** Generate a new mesh by RGB-refinement
[coordinates,elements,dirichlet,neumann] = ...
rgbrefine(coordinates,elements,dirichlet,neumann,marked) ;

J*** Update counter
ell = ell + 1;
end

4.4.1 Red-Green-Blue Refinement

It now remains to discuss the mesh-refinement. Recall that all error estimates are affected by the

shape regularity o(7;) in the sense that the involved constants become unbounded for o (7y) Lo,
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oo. Therefore, the mesh-refinement has to take care of the interior angles of the elements T € Ty
since o(7y) tends to infinity if and only if the minimal interior angle of the triangulation tends to
zero. We follow the so-called red-green-blue strategy (or RGB-refinement): This refinement
strategy is based on edge-refinement. First, we thus use the following marking rule:

e If an element T € 7, is marked for refinement, we mark all edges E € Er for refinement.
We now proceed recursively as follows:

e For each element T € 7p, we mark its longest edge E € Er for refinement provided that Ep
contains a marked edge.

Each marked edge will be halved, i.e., the midpoint mg of a marked edge belongs to the new set
K11 of nodes. Finally, we have the following refinement rules, for all T' € 7y:

e If no edge in & is marked for refinement, T is not refined, i.e., T € Typ11.

o If all edges in &y are marked, we use a red-refinement of T, i.e., T is refined uniformly into
four similar triangles, cf. Figure 4.3.

e If one edge in &7 is marked (and hence the longest edge), we use a green-refinement, i.e.,
T is refined into two triangles, cf. Figure 4.4.

e If two edges in &r are marked — one of which is, according to the marking rule, the longest
edge of T'—, we use a blue-refinement, i.e., T is split into three triangles, cf. Figure 4.5.

In Figure 4.6, we visualize a simple example for an RGB-refined mesh.

FIGURE 4.3. Red-refinement: If all edges of a triangle T € Ty are marked (left), T is refined into
four similar triangles Th, T, T5,Ty € To+1 (right).

FIGURE 4.4. Green-refinement: If only the longest edge of a triangle T € Ty is marked (left), T
is refined into two new triangles T1,Ts € Toy1 (right).

We state the following elementary but important theorem without a proof.
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AN
AN

FIGURE 4.5. Blue-refinement: If besides the longest edge of a triangle T € Ty just one other edge
is marked for refinement (left), T is refined into three new triangles Ty, Ta, T3 € To1 (right).

FIGURE 4.6. The left plot shows an initial mesh Ty with marked elements coloured in grey. The
right plot shows the mesh Ty11 obtained by RGB-refinement of the marked elements. The grey
elements are obtained by uniform refinement of a marked element T € Ty.

Theorem 4.15. Let Ty be a reqular triangulation such that € > 0 is a lower bound for the
smallest angle of a triangle T € To. Let Ty be a sequence of meshes, where Ty is obtained
by RGB-refinement of the mesh Ty_1 and where the set My_1 C Ty_1 of marked elements is
arbitrary. Then, Ty is reqular and the smallest angle of all triangles T € Ty is bounded from
below by /2. In particular, there holds

supo(7y) < oo, (4.55)
LeN

which is an equivalent formulation for the fact that the smallest angles of the triangulations Ty
do not tend to zero. |

1

The following MATLAB code is an implementation of the RGB mesh-refinement strategy, which
additionally takes care of the specification of the domain boundary.

function [coordinates,newelements,varargout]
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= rgbrefine(coordinates,elements,varargin)

% [COORDINATES,ELEMENTS [,DIRICHLET] [,ROBIN] [,NEUMANN] ]

% = RGBREFINE(COORDINATES,ELEMENTS [,DIRICHLET] [,ROBIN] [,NEUMANN], MARKED]
% refines the MARKED elements of a regular triangulation by a

% uniform refinement (red refinement). A green-blue closure leads

% to a new regular triangulation.

b

% vector MARKED contains the indices of all elements that will be refined
b

% Optionally, one can provide the specification of boundary conditions,

% e.g., Dirichlet, Robin, and/or Neumann boundaries. Then, the refined

% boundary conditions are returned in the same order

% (c) 2007 by Dirk Praetorius, last modified 21.11.2007
% dirk.praetorius@tuwien.ac.at - http://www.math.tuwien.ac.at/~dirk

M = size(elements,1);
N size(coordinates,1);
markedelements = varargin{end};

%*x* Sort elements such that the longest edge is always the first edge,
%*** i.e. we sort the entries in each row elements(j,:) accordingly.

for j = 1:M
[hmax,idx] = max(sum((coordinates(elements(j,[2,3,1]),:)- ...
coordinates(elements(j, [1,2,3]),:)).727));
elements(j,:) = elements(j, [idx,mod(idx,3)+1,mod(idx+1,3)+1]);
end

%**x* Introduce numbering of edges, stored in a sparse matrix EDGES:
%*x* — EDGES(J,K) \neq O if and only if nodes J and K connected by edge,
%**x*x — EDGES(J,K) \neq EDGES(K,J) if and only if edge on boundary.

edges = sparse(N,N);
noedges = 0; % number of edges

for j = 1:M
for k = 1:3
a = [elements(j,k),elements(j,mod(k,3)+1)];

if edges(a(2),a(1))
edges(a(l),a(2)) = edges(a(2),a(1));
else
noedges = noedges+l;
edges(a(l),a(2)) = noedges;
end
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47
48
49
50
ol
52
33

%x*x* Transfer marking of elements to marking of edges.
Jx*x If element(j) is marked, we mark all of its edges (red-refinement).
%#*x* — MARKEDEDGES(k) \neq O if and only if edge K will be refined.

element2edges = zeros(M,3);
for j = 1:M
element2edges(j,:) = diag(edges(elements(j,:),elements(j,[2,3,1]1)));
end
markededges = sparse(noedges,1);
markededges (element2edges (markedelements, :)) = ones(3*length(markedelements),1);

%x*x* Mark further edges according to green-blue closure:
%*** To ensure that the triangles do not degenerate, we always refine
%**x* the longest edge, i.e. the first edge of an element.

edge2elements = sparse(N,N);
for j = 1:M
edge2elements(elements(j,:),elements(j, [2,3,1]1)) = ...
edge2elements(elements(j,:),elements(j, [2,3,1]1))+j*eye(3,3);

k=3;
while k
I = element2edges(k,:);
if markededges(I(1))==1 | markededges(I(2:3))==[0;0]
k = 0;
else

markededges (I(1))=1;
k = edge2elements(elements(k,2),elements(k,1));

7
78
79
80
81
82
83
84
85
86
87
88
89
90
91

%**x* For each marked edge, its midpoint becomes a new node.
%*** We store the number of the new nodes in MARKEDEDGES instead of 1.

find (markededges) ;
markededges(idx) = N+1:N+length(idx);
1:nnz (markededges)

[a,b] = find(idx(j)
coordinates (markededges (idx(j)),:)=(coordinates(a(l),:)+coordinates(b(1),:))/2;

%***x Create new elements
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92

93 I = reshape(edges(size(edges,1)*(elements(:,[2,3,1])-1)+elements(:,[1,2,3])),M,3);
94

95  boundaryedges = nonzeros(tril(abs(edges-edges’)));

96 newelements = zeros(2+*length(idx)-nnz(markededges(boundaryedges))+M,3);

97

98 counter = 0;

99 for j = 1:M

100 RefineEdge = find(markededges(I(j,:)));

101 newnodes=markededges (I(j,RefineEdge))’;

102 if size(RefineEdge,1)==3 ¥, red refinement

103 new = [ newnodes([2,3,1]);

104 [elements(j,1) newnodes(1l) newnodes(3)];

105 [newnodes(1) elements(j,2) newnodes(2)];

106 [newnodes(3) newnodes(2) elements(j,3)] 1;

107 elseif size(RefineEdge,1)==2 % blue refinement

108 new = [ [newnodes(1), elements(j,RefineEdge(2)),newnodes(2)];

109 [elements(j,5-RefineEdge(2)),

110 elements(j,rem(5-RefineEdge(2),3)+1) ,newnodes(1)];

111 [elements(j,rem(RefineEdge(2),3)+1) ,newnodes (1) ,newnodes(2)] 1;
112 elseif size(RefineEdge,1)==1 J, green refinement

113 new = [ [elements(j,[2,3]),newnodes];

114 [elements(j, [3,1]) ,newnodes] ];

115 else % no refinement

116 new = elements(j,:);

117 end

118 newelements (counter+1:counter+size(new,1),:) = new;

119 counter = counter + size(new,1);

120 end

121

122 Yx*x Update boundary conditions

123

124 for j = l:nargin-3

125 boundary = varargin{j};

126 if “isempty(boundary)

127 counter = 0;

128 boundarynr = edges(size(edges,1)*(boundary(:,2)-1)+boundary(:,1));
129 for k = 1:size(boundary,1)

130 if markededges(boundarynr (k))

131 boundary = [ boundary(1:k-1+counter,:);

132 boundary (k+counter, 1) ,markededges (boundarynr(k)) ;
133 markededges (boundarynr (k) ) ,boundary (k+counter,2) ;
134 boundary (k+1+counter:size(boundary,1),:) 1;
135 counter = counter + 1;

136 end

69



CHAPTER 4. A POSTERIORI ANALYSIS

137
138
139
140

end
end
varargout(j) = {boundary};
end

4.5 Convergence of Adaptive FEM

In the following, we aim to show that Algorithm 4.14 creates a sequence U, of discrete solutions
which converges to the exact solution u € H := H}D(Q) The adaptive algorithm generates a
sequence Xy = 8}5(72) of finite dimensional nested subspaces of H, i.e., Xy ;Cé Xoq1 for all £ € N,
since Tpy1 is some refinement of T,. We first stress that the sequence Uy is always convergent to
some limit U, € H. However, we even stress that one may in general expect that Uy, # u.

Ezxercise 35. Let Xy be nested subspaces of a Hilbert space H, i.e., Xy C Xy for all £ € Np.
Let (- ;-) be an elliptic and continuous bilinear form on H with corresponding Galerkin
solutions Uy € Ay. Prove that the limit Uy, := limy_,o Uy exists in H. Hint: Define X, as
the closure of | J;2, Xy in H. Let Uy € X be the corresponding Galerkin solution, and prove
that Uy is the limit of the sequence U,. O

Ezercise 36. Let H = HL(Q) and X, = SL(T;), where the regular initial mesh Tp is given
and where 7y is obtained iteratively by uniform refinement of 7,_;. Prove that X, = H for
the space X, from Exercise 35. O

The interpretation of the last exercises is the following: For uniform mesh-refinement, there
usually holds X, = H and thus u = Uy, i.e., we have convergence of the sequence of discrete
solutions Uy towards the unique solution u. However, adaptive mesh-refinement may lead to X g
H. Consequently, the question arrises whether the adaptive algorithm guarantees U, = u or not.
This will be discussed in the following sections.

Throughout the subsequent section, we use the following notation, which is now collected for
the convenience of the reader:

o Uy € Xy := S5(Ty) denotes the Galerkin solution.

e For T € T; and some V € S5(Ty), n¢(T, V) denotes the associated refinement indicator, e.g.,
ne(T,V)? = hill f1 220y + ol 102V 20r00) + hrlle — 0nV I Z20rnry)- (4.56)

e For some subset M C T; and V € SH(Ty), let ne(M, V) := (X pepq me(T, V)2)1/2.

e We abbreviate ny(M) = ng(M, Uy) and 1 = 1¢(Te)-
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Note that in case of (4.56), 1, is the residual a posteriori error estimator discussed in Section 4.3.
We recall some technical terms, proven above for the residual error estimator 7.

e 1 is reliable if

lu—Uella < Crane. (4.57)
e 7 is efficient (up to oscillation terms which depend only on 7y), if
e < Ceg (lu — Ul + 0scy), (4.58)
where oscy := oscy(Ty), oscg(M) := (ZTeM OSCg(T)Q)l/2 for M C Ty, and
oscg(T)? == W\l f = frlleer) + hrlld = dellizorary)- (4.59)
e The set My C Ty of marked elements is usually assumed to satisfy the Dérfler marking
0ne < ne(My) (4.60)

for some fixed parameter 6 € (0, 1).

Ezxercise 37. Prove that ||u — Uy g as well as oscy are monotonously decreasing for £ — oo.
Prove that in case of the residual-based indicators (4.56), there holds oscy(T") < n(T) for all
T € Ty, i.e., the error estimator dominates the oscillation terms. O

AN
N\

FIGURE 4.7. Bisec(5) guarantees the inner node property: Let T be marked for refinement (left)
and assume that the bottom edge is the reference edge. With five bisections, we pass the configu-
ration of bisec(3) in the middle and end up with an inner node (right).

The following convergence theorem is a result of CASCON, KREUZER, NOCHETTO & SIEBERT
from 2008, where it is proven that the combined error quantity, which consists of error and error
estimator, has a contraction property. We stress two important observations:

e For their analysis, CASCON, KREUZER, NOCHETTO, and SIEBERT re-define the mesh width
hp == |T|"/? for T € Ty, (4.61)

whereas we considered diam(7) before. Note that, however, |T| < diam(T)? < 20(7)|T|
so that both definition are equivalent for shape regular meshes, and we shall use the new
definition in what follows.
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o If T € Ty is refined, each son T" € Tyyq satisfies at least |T”| < |T'|/2, which now results in a
strict reduction hy < hy/v/2 of the local mesh-width (which fails, in general, for the usual
definition Ay = diam(7")). This observation is used in step 2 of the proof of the following
theorem.

We note that the analysis holds for general symmetric problems. For non-symmetric problems, the
correspoding result has been open until FEISCHL, FUHRER & PRAETORIUS (2014).

Theorem 4.16 (Cascén, Kreuzer, Nochetto & Siebert ’08).  Suppose that the set of
marked elements My satisfies the Dérfler marking for some fized 0 € (0,1). Then, there are

constants k > 0 and q € (0,1) which depend only on 6 and uniform ~v-shape regularity of Ty for
all £ € Ny, such that

(19 (w = Upsn) 30y + 5241) ? < q (19w = U) 2oy + 507)? for all €N, (4.62)

In particular, this implies convergence lim ||V (u — Up)|[2(q) = 0 = lim 7.
L—00 £—r00

Proof. 1. step. There holds the following quasi-triangle inequality for the error estimator
(V) (W) + Ca |[V(V = W)z for all V,W € Sp(To) (4.63)

with some constant Ca > 0 which depends only on o(7;): From the triangle inequalities in ¢5 and
L?, we infer

1/2
ne(V) = [Hhef\|%2(g) + 3 he(110nVINZ20rma) + 16 — 8”‘/”%2(8T0FN))]

TeTy

2 2 2 1/2

< [HhéfHLz(Q) + Z hr (1102W]lIZ2 o700y + 16 — anW”LQ(aTﬂFN))}

TeTy

9 9 1/2

+ [ 32 rr (110 = W 2garng) + 100V = W)lBorary)] -

TeT,

For fixed T € Ty and E € Ep, a scaling argument proves

e (110n(V = W22 0y + 10V = W) 32 0m0ry)) S IV = W)ll72 (0

where the constant depends only on o(7;). Consequently, we end up with (4.63).

2. step. There holds an estimator reduction in the sense that there is a constant ¢ € (0,1)
with

nio1 < (1+8)on; + Cs||V(Ursr — UE)H%Q(Q) for all § > 0, (4.64)

where Cs > 0 depends only on § and Ca > 0. The constant ¢ depends only on 6 and the reduction
of the mesh-side on marked elements: Let (), := UTE M, T denote the subdomain of €2, where the

elements are marked. Recall that hpr < hp/ V2 for all sons T' € Ty, of a marked element T' € M,.
The crucial step is to observe that the error indicators

ne(T, V)2 = h%”f”%?(T) + hTH[[anV]]H%?(aTmQ) +hrlle - anv||2L2(aTmFN)'
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for hp = |T|"/? lead to

nea (U = D e (T, U)? +

T'E€Tp41
T/ O

_\[ > ml(T,Ue) +

TET,
TCQx

> (T, Uy

T'€Tp11
T/ CONO

> (T, Up)?

TET,
TCO\Ox

= 2712 5y (M)? + np(Te\M,)?
= (2712 = D)ne(Me)? + nf.

By use of the Dérfler marking 0n? < n,(M;)?
Moy (Ue) < — (1=
Now, Young’s inequality and step 1 conclude

Ny < (14 8)ne1 (Up)?
<(A4+0oni +(1+6

272 (M) < on?  with o :=

(140 YOV (Upsy —

DOV (Ui —

, we thus obtain

(1—0(1—271%).

Ue)ll72(0
Uo)|720)-

3. step. Proof of contraction property (4.62): Let &, d, 8 > 0 be constants which are fixed later.
Let o € (0,1) be the given constant from step 2. We recall the Galerkin orthogonality

IV (u = Up)l| 72y = IV (u

This and the estimator reduction imply

IV (1 = Uggr) 720
< [IV(u

Provided that xCs < 1, we infer

IV (u = Upsa) 72 (@) + £ < IV (u—

= [[V(u
Reliability ||V (u — Up)l2(q)

IV (u— Ué-i—l)”%? o T "“7(%1 <

It remains to choose the constants x, d, 3 so that ¢ := max {1 — kBC_

e Choose § > 0 such that (1+J)p < 1.
e Choose k > 0 such that xCs < 1.

e Choose > 0 such that (1+0)k + 3 < 1.
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~ Ul F2) + IV (Ues1 —

+ w1 = IV (u = U022
- Ue)||L2(Q) + (kCs = 1) V(U4 —

U7
< Crane finally leads to

— KBV (u
<max {1 —rBC L, (L+8)o+8} (|V(u~— UZ)”L2

Ue)”%%m

—IV(Ue1 = Ua) 721y + K01
Uo)| 720 + #(1+ 8)on;.

U7 + ~(1 + 8)en;

) — kB R((1+0)o+ ) nf

—Un)I72(0y + #((1 + 8)e + 8) 1;
+f’v7712)

(1+d8)o+ B} €(0,1):
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This implies ¢ € (0,1) and concludes the proof. |

Remark. We again collect the main arguments of the preceeding proof, namely a certain quasi-
triangle inequality of the estimator (4.63) and a strict reduction 7441 (sons(My), Uy) < kne(My, Uy)
with some k € (0,1) based on the strict reduction of the local mesh-width for marked elements.
Besides this, only Galerkin orthogonality and Dorfler marking are used. Therefore, the proof works
for a quite general class of symmetric problems and a variety of error estimators. The original work
of CASCON, KREUZER, NOCHETTO & SIEBERT (2008) considers linear second order symmetric and
elliptic problems in divergence form and H '-conforming finite element spaces with fixed polynomial
degree. Finally, we stress that the proof also works for higher dimensions d > 2, where hy = |T |_1/ d
For 2D, the usual definition hp := diam(T) is sufficient if marked elements are refined, e.g., by
red-refinement or bisec(3), since then all edges are bisected. )

FEzxercise 38. Prove the following variants of Young’s inequality, for all a,b € R and § > 0,

a? 5b>
[ ] abg %—{—7

o (a+b)?2<(1+5Ya®+ (1+6)v% O

Ezercise 39. Prove that the estimator reduction (4.64) with Cs = (1 +d71)C% is equivalent
to nev1 < ome + CallV(Urtr — Us)ll 2 (q)- O

Ezxercise 40. Suppose that an error estimator 7, satisfies the estimator reduction (4.64) and
that the discrete spaces are nested, i.e., SH(T;) C St (Tes1) for all £ € Ny. Prove that there

holds limy_,,my = 0. Hint: Use that there always holds convergence Up £, U so that
IV (Uss1 — Un) |l 120y =255 0, cf. Exercise 35, O

Exercise 41. Prove that adaptive FEM based on the residual error estimator with the usual
definition of ht := diam(T) instead of (4.61) leads to R-linear convergence 141 < C ¢"n, for
all k,¢ € Ng. The constants C' > 0 and 0 < ¢ < 1 depend only on 6 and the uniform ~-shape
regularity of 7, for all £ € Ng. Hint: Use Theorem 4.16 and consider the Dorfler marking. O
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5.1 FEM with Data Approximation

Now that we have realized that the P1-FEM is of order O(h), we need to show that the quadrature
rules used for our MATLAB implementation are sufficiently accurate. Recall that we are approxi-
mating the right-hand side of the exact P1-FEM

F(v) := / fvdx + pvds for ve HY(Q) (5.1)
Q 'y
by
Fp(vn) == Y |T\f(sp)on(sr) + Y hed(mp)op(me) for v, € SY(T), (5.2)
TeT EecEn

where st denotes the center of mass of an element 7' € T and where mg denotes the midpoint of
a Neumann edge FE € Ey. Therefore, our MATLAB code realizes a perturbed P1-FEM and we need
to study the convergence of this perturbed scheme.

5.1.1 First Strang Lemma

In this section, we go back to the abstract formulation of Galerkin schemes: Let H be a real Hilbert
space with norm ||-||z. Let (- ; -) be a bilinear form which is assumed to be elliptic and continuous,
i.e., it holds that

alvl| < (viv) aswellas (v;w) < B|v|gllwl|g for all v,w € H. (5.3)

Let FF € H* be a given right-hand side. Then, the Lax-Milgram lemma applies and yields the
existence and uniqueness of the solution u € H of

(u;-)=reH" (5.4)

For a discretization parameter h > 0, let X}, be a finite dimensional subspace of H. It is an
important property of a Galerkin scheme that it is stable with respect to certain perturbations of
the scalar product (- ; -) or the right-hand side F'. — For the interpretation, recall that usually the
right-hand side F' € H* as well as the scalar product (- ; -) involve integrals, which are computed
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numerically by quadrature rules. For a fixed discrete space X}, this leads to perturbations Fj, € X}
and (- ; -)p of F and (- ; -), respectively. In particular, this gives rise to additional consistency
errors

IF — Fyllx: and  sup [€vn 5 ) — (on s Inllx;
" un€X,\{0} |von || £

In practice, the best approximation error (or discretization error) behaves like

min ||u —vpllg = O(hY) for h — 0,
v EXp

where the convergence order o > 0 usually depends on the regularity of the exact solution w.

Then, the Céa lemma proves that

lu — Gpul|lg = O(h*).

The following result due to Strang shows that the consistency errors should be at least of the
same order, i.e., one needs a sufficiently large order for the quadrature rules. Then, the perturbed
Galerkin scheme

<<uh ; Uh>>h = Fh(vh) for all v, € X, (55)
still allows for a unique solution u;, € X;. Moreover the approximation error still satisfies
lu = un|z = O(R?).

However, the consequence of Strang’s lemma even works the other way around: You should avoid
to compute integrals exactly (or with high accuracy quadrature rules) since this is usually com-
putationally expensive and since this expense does not pay in the sense of an increased order
of convergence. Finally, we note that analytic computation of integrals via antiderivatives, i.e.,
ff fdx = F(b) — F(a) for the simple 1D case, necessarily leads to cancellation for small mesh-
sizes. These are, however, avoided for numerical integration via Gaussian quadrature rules, since
the Gaussian quadrature weights are all positive. In explicit terms, this implies that approximate
computation will be numerically more accurate than analytic computation, if the quadrature rules
are deliberately chosen.

Proposition 5.1 (First Strang Lemma). Assume that (- ; -)p is a bilinear form on Xp
and that Fy, : Xy, — R is linear. Then, there holds the following:
(i) Assume convergence of (- ; -)n to (- ;-), i.e.,

|{vn 3 wr) — (un ;s wp)nl

lim By, =0 with Ejp:= sup (5.6)
h—0 on,wn€XH\{0} lvn e lJwn ||

Then, the bilinear forms are uniformly elliptic for small h, i.e.,
Jag > 03hg > 0Vh € (0,ho)Yor € Xi aollonlly < (vn 5 vp)n. (5.7)
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In particular, there exist unique uy, € Xp, with {up, 5 -)n = F, € X}, for sufficiently small h > 0.
(ii) Provided (5.7), there holds the Céa type estimate

C M lu—upllg < inf (llu—onllm + I1{vn ;) = (on s Dnllxy) + |1 F = Fullx;

v €Xp (5 8)
<(1+Ep) min [[u—vpllg + Enllullm + |F = Fullx;
v €Xp

with u being the exact solution of (5.4). The constant C' > 0 depends only on (- ; -).

Proof. Let 0 < e < a and hg > 0 such that

Vhe (0ho)  sup L&nivmd = {oniuondal
vr€Xn\{0} lvnll%;
Then, allvnl?y < (vn 5 on) < (on 5 ondn + [{on 5 vn) = Con  vudal < (on 5 o)+ ellonly, whence
(=€) llonllF < (vn s o),

ie., (- ;-)n is an elliptic bilinear form on X}, for h < hg. This concludes the proof of (i) with
ap := a —e > 0. To prove (ii), let v, € X}, be arbitrary. Then,

ag [lvn — unllfr < (on — un 5 v — up)n = (on 3 v — up)n — Fu(on — un).
Together with
(u—vp 5 vp —up) = F(op, —up) — (vp 5 vp — up),
we obtain that

ao [lon — unlFr < [F(un —un) = Fr(vn — )] + [(on 5 o0 — un)n — (o 3 o — up)]
— (u—vn ;v —up)
< llon — unllz (1F = Fallxz + 1o 5 Dn — un s Mx; + B8 llw— vall#]-

Finally, the combination with a triangle inequality yields that

lu —unllg < [lu—vnllg + [vn — unllo
< ClIFn = Flixs +114vn 5 ) = Con s Inllx; + llu—vnllm]

for any vy, € X with C = 1+ B/ap. This proves the first estimate in (5.8). To see the second
estimate, note that

[€on 5 ) = (v s Iullxy < Enllvnlle < Enllullg + Ep llu — opla-
This concludes the proof. |

Under the assumptions of the Strang lemma, one can even show convergence of the perturbed
Galerkin scheme.
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Ezxercise 42. Assume that (- ; -)j is a symmetric bilinear form on X and that Fj, € X;;. We
assume convergence of the data in the sense that

lim By — 0= lim |[F— Fylxs with Epoe  sup  &oni@n) = Qhswndnl g g
h—0 h—0 h

vhwh €Xp\ {0} |vnll e llwnll

For sufficiently small A > 0, let u;, € X} be the unique solutions of the perturbed Galerkin
scheme (5.5). Under the approximation assumption

li i — = for all D 1
h%y?él}(lhnv vpllg =0 forallve (5.10)

for some dense subspace D of H, there holds convergence

i — =0
lim lu —unlg

with u being the exact solution of (5.4). O

5.1.2 Approximation of Volume Forces

For our Matlab implementation of P1-FEM, we compute the bilinear form (v, ; wy) analytically
and perturb only the right-hand side. Let F' and F}, be given by (5.1)—(5.2), respectively. According
to the first Strang lemma 5.1, we only need to show that

| E = Fyllsi ¢y = O(h)

to guarantee that the perturbed P1-FEM is also of order O(h). We consider the two contributions
of the right-hand side separately.

Proposition 5.2.  Let f € H*(T) and F(v) := [, fvdz for v € H'(Q). Let Fj(vy) =
Srer IT|f(st)vn(st) for vy, € SYT), where sy € R? denotes the center of mass of an element
T € T. Then, it holds that

IF = Fyllsimys < C IRV fllg e, (5.11)

where the constant C > 0 depends only on Tie, but not on Q, T, or f.

Proof. The proof is done elementwise. For T € 7 and w € H'(T), we define the integral
mean wy := |T|~! [ wdz. According to the Poincaré inequality, it holds that ||w — wy| 2y <
Cphr||Vwl|z2(r), where the constant Cp > 0 is independent of T' and w. Moreover, w — wr is the
L?-orthogonal projection onto PY(T).

1. step. It holds that

‘ /vah dx — \T|f(3T)Uh(3T)‘ < CPREIV fll 2y IVl 2 (ry + 1 = F(s) L2y llonll 2z -
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From [ vy, dx = |T|vp(s7), we infer that

/Tf’vh dz — [T f(sT)vn(sT) = (f = f(s7) ; vn)2(7)

= (f = f(s7) s v — vnr) L2y + (f = f(s7) 5 vnr) L2(1)

= (f = frsvn —onr) 2y + (fr — f(s7) 3 vn) L2(7)

<|If = frlle2myllvn — vnrllceery + I fr — f(so)ll 2 lvnll L2y
where we have used orthogonality of (-)7 in the last but one step. The Poincaré inequality concludes

the proof of step 1.

2. step. It holds that | fr — f(s7)|r2(r) < 2C;th% ||D2fHL2(T with an independent constant
Cref > 0, which is obtained from a scaling argument: Let ® : Tt — 1" denote an affine diffeomor-
phism with linear part B € R?*2. Note that

1 | det B|
fT_/fd;L'_ / fo <I>dx—2/ fo®dr= / fo®dr=(fo®)r,
‘T’ ’T‘ ref ref ‘Tref ‘ ref "

Together with f(s7) = (f o ®)(sr,,), this yields that

1 = Fsm) 2y = |det BT T2I(f 0 @)1y — (f 0 @) (5ol 21300

We define g := f o ® € H?(T,t) and consider the operator A : H?(Tyef) — L?(Tiet) defined
by Ag == gr., — g(s1,..). Then, P1(Ti) C ker A and continuity of A follows from the Sobolev
inequality

IAG 22Ty < 19000l 22(mer) + 1 Teet 21951 < N9l 2Trp) + |Tret] [ glloo 71
(1 + CSobolev|Tref|1/2)”g”H2

ref

Therefore, the Bramble-Hilbert lemma provides a constant Crer > 0 with || Agl|r2(7. ) < Cret||D?gll 2
We conclude the scaling argument by

Crot (£ 0 @)1y — (f 0 ®)(51) I 22Ty < ID(f © ®)I 121y < | det B[~V BIZ D £l r2r
which finally leads to
Ifr = f(s7)|l L2y < 2Cret W7D fll 21

3. step. It holds that ’ fT fopdx — ‘T|f(ST)Uh(8T)’ < max{C'P, QCref}h vaHHl )HUh”Hl(T)
The combination of step 1 and step 2 proves that

‘/fvhdx_’TV(ST)Uh(ST)‘
T
< max{Cp, 2Cset }h7 (| V [l 2¢r) [V 0Rl 27y + 1D fll 2yl vnll 2z ) -

Note that the brackets contain an R2-scalar product which is estimated with the help of the Cauchy
inequality ab + cd < (a2 + ¢2)/2(b% 4 d?)'/2. This concludes the proof of step 3.
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4. step. With C := max{C%, 2Cy}, we finally sum over all elements 7' € T to obtain that

F(en) = Fuon)| < 3 | [ fonde = [T1f(sr)en(sr)

TeT 7T

<O NPV e lvnl
TeT

1/2 1/2
< (X I nw) (X lonl)
TeT TeT
=C ”hZVfHHl(T)HUh”Hl(Q)
by use of the Cauchy inequality. This concludes the proof. |

We stress that the proof does not work for f € H'(T) since H!'-functions are in general discon-
tinuous so that the evaluation of f at st is not well-defined. However, for f € C1(T), everything
works well.

Exercise 43. For f € CY(T), define F € H'(Q)* and F), € S}(T)* as in Proposition 5.2.
Then, there holds

IE' = Fhllsiry« < C AV flle(e), (5.12)

where the constant C' > 0 does neither depend on €2 nor 7 or f. O

However, if the volume force only satisfies f € H'(T), one can proceed as follows:

Exercise 44. For f € HY(T), define F € H'(Q)* as in Proposition 5.2 and Fj, € S*(T)* by
Fy(vp) :== Y per |T| fron(sr), where fr:= |T|™! [, f dz denotes the integral mean. Then,

IF = Fyllsimy < CIRV fllz20), (5.13)

where the constant C' > 0 does neither depend on 2 nor 7 or f. O

5.1.3 Approximation of Neumann Data

Finally, we consider the approximation of the Neumann contribution.

Proposition 5.3. Let ¢ € C*(En) == {¢ € L*(Tn)|VE € Ev ¢|p € C*(E)} and
F(v) = Jp, dvds forv € HY(Q). Let Fy(vp) :== Y pegy hed(mp)on(mp) for v, € SYT),
where mp € R? denotes the midpoint of a Neumann edge E € Ex. With the mesh-size function
h e L*(I'y), h|lg := hg = diam(FE), it then holds

IF = Fillsiom- < C B2 |orgey) = nax (h?fg/2 max{||¢' || (g, 10" |1 (m)})  (5.14)

where the constant C > 0 depends only on o(T) and |I'n|.
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Proof. We aim to follow the lines of the proof of Proposition 5.2. For a Neumann edge E € &y
and w € L*(E), let wg := hj' [, wds denote the integral mean.
1. step. From [ v, ds = hgvp(mg), we infer that

/E<Z5Uh ds — hgg(mp)oa(me) = (¢ — ¢(mp) ; v)r2(m)

= (¢ — ¢(mg) ;v —vnE)2(p) + (¢ — ¢(ME) ; VhE) L2(R)
= (¢ — 98 vn —vnE)r2(E) + (P8 — d(ME) ; V8) L2(E)
<|l¢ = 9Elr2(E)lvn — vaEllL2E) + 108 — S(mE)l L2(8) VR L2(B)-

where we have simply used orthogonality of (-)g. Therefore, the trace inequalities (4.10)—(4.11)
yield that

‘ /E¢Uh ds — hE‘Z’(mE)Uh(mE)‘ < C'(h}g/QHqﬁ — ¢ElL2E) + ' Pllop — ¢(mE)HL2(E)) lvnll o1y

where T' € T is an arbitrary element with F € Ep. The constant C' > 0 depends only on o(7") and
on ‘FN|

2. step. It holds that ||¢ — ¢r|lr2g) < h:;/2”¢/||LOO(E): Note that w := ¢ — ¢p € C'(E) has
necessarily a zero ( € E. Therefore, the fundamental theorem of calculus proves that

i)l = | [ o] < Kz

Integration over E thus yields that
16 — ¢Bl172 () = lIwll72(z) = /E w(z)[? dse < hllw'l|72m) = W16 1 F20m) < BEI 7 ()

3. step. It holds that |[¢p — ¢(mE)l2m) < (1/2) h5E/2H¢”HLoo(E): Let p € PY(E) be a
polynomial on E (with respect to the arclength) such that ¢(mpg) = p(mg) and ¢'(mg) = p'(mg).
Then,

5 = 6(me) 2, = Wi 05 = d(me)| = 15| [ ods —hptme)| = 15| [ (-]
With w := ¢ — p and hence w” = ¢”, this implies that

—1/2
65 — d(mp) | 2m) < hi " llwlliim) < w2 m)-

Note that w as well as w’ have zeros at the edge midpoint mpg. Therefore, the same arguments as
in step 2 (with the zero ( = mp and hence integration along a segment of length hg/2) prove that

gy < "B gy as well as [0 Bagm) < " " Bags = " 6|2
L2(B) = T L2(E) welbas Wil = 5 IWllze) = 5 L2(B)

Altogether, we see that

ht h?
165 — Sme)3m) < lol3am) < "2 16"132m) < 2 16”135
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4. step. The combination of the preceding steps proves that

‘/E¢Uh ds — hEéb(mE)vh(mE)‘ < Chg (19 Lo (my + 116" | oo () 1ol 71 (1)

< 2C W lor ) lomll e ey
1/2
< 20 R3¢ | o ey lomll
by definition of ||W||01(E) = max{HwHLoo(E), ||w’||Loo(E)}
5. step. We obtain the final result by summing over all Neumann edges F € Ey: For each

E € &y we choose an element Tg € T with E € &p. Note that the element T can arise at most 3
times. Therefore,

|F(vy) — Fi(va)] < 2C|K32¢ | c1e Z hjlz‘/2||vhHH1(TE)

Ecén
1/2 1/2
<2012 loreny (S b)) (3 Tonlncry))
Ecén Eecén
1/2)13,3/2 4/ 2 1/2
< 23O N2 1020 oneny (3 Ionlidngn)

TeT
= 2V3C [Tn[V2IB32¢ | o1 ey l0n | () -

This concludes the proof. [

Ezxercise 45. (i) Extend the MATLAB code solveLaplace such that besides the coefficient
vector of the Galerkin solution uj, € SY(T) even the energy ||lus||® = ||Vuh||%2(m is returned.
The Galerkin orthogonality yields that

llu = unll® = flull® = llunl*.

Even if the exact energy [|uf|? is unknown, it can be extrapolated by use of Aitkin’s A2-method
to obtain a good approximation of the error ||u — up||.
(ii) Consider the homogenous Dirichlet problems

—Au=1 in Q,
u=0 onlI =099,

with  being either the square Q = (—1,1)% or the L-shaped domain Q = (—1,1)2\[0, 1]2.
Which experimental convergence rates ||u — uy| = O(h®) are observed? Do you expect that
the solutions belong to H%(Q)? Hint: For a convergent sequence (z;);en, the A-sequence
reads

. )2
(Tj+1 — )
Tj+2 = 2Tj41 + T

Yj =5 —

Under certain assumptions on (z;)jen the sequence (y;);en then converges faster to ]lgrolo xj. O
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5.2 Inhomogeneous Dirichlet Data

Under the usual assumptions of the mixed boundary value problem of Section 2.3.2, we consider
the boundary value problem

—Au=f in Q,
u=up on'p, (5.15)
Opuu=¢ onlI'y.
The only difference to the problem treated above is the fact, that the Dirichlet data up might be
nontrivial. A function u € C%(Q) that solves (5.15) is called strong solution of (5.15), and the

formulation (5.15) is called the strong form of the boundary value problem. A function u € H(Q)
is weak solution of (5.15) provided that

Yulr, =up (5.16a)
(VU 5 VU)LQ(Q) = (f 3 ’U)LZ(Q) + (¢ 5 ’}/’U)LQ(FN) for all v € H})(Q) (516b)

These two equations are referred to as the weak form of the boundary value problem (5.15). Note
that the variational part (5.16b) of the weak form is the same as for the mixed boundary value
problem with homogeneous Dirichlet conditions up = 0.

The following proposition shows that (5.15) and (5.16) are essentially equivalent and that the
weak solution is unique. The unique solvability, however, needs certain assumptions on the Dirichlet
data: If (5.16) has a solution u € H'(Q), then it holds that yu|r, = up, i.e., up can be extended
from I'p to a function ip € H'(2). With the same arguments as above, cf. Exercise 12 on page 18,
one shows that

HY?(Tp) = {rulrp, ‘u € Hl(Q)} with norm  |[v|[g1/2(p,,) = inf {HﬁHHl(Q) }fyﬁ]pD =}

is a Hilbert space. Moreover, H'/2(T'p) is continuously embedded into L?(TI'p), and the restriction
operator ()|r,, : H'/2(T') — HY?(I'p) is well-defined and continuous.

Proposition 5.4. (i) Provided that u € C%(Q) solves the strong form (5.15), u solves also
the weak form (5.16).

(ii) Provided that f € C(Q), ¢ € C(Ty), and up € C(T'p) and that the weak solution u €
HY(Q) of (5.16) additionally satisfies u € C?(S2), then u even solves the strong form (5.15).

(iii) Let up € H'(Q) be an arbitrary extension of the Dirichlet data up € HY*(T'). Given
f € L*Q) and ¢ € L*(T'y), there exists a unique ug € H},(Q) such that

(Vuo ; Vo) r2i) = (f 3 0)12(0) — (Vip ; VU)r2) + (63 W) 2wy for allv € HL(Q).
(5.17)

(iv) Under the assumptions of (iii), a function u € HY(Q) with yulr, = up solves the weak
form (5.16), if and only if up :== u —up € HH(Q) solves (5.17).

(v) Under the assumptions of (iii), there exists a unique weak solution u € H'(Q) of (5.16).
Contrary to ug € H1(Q), however, the function u € H(Q) does not depend on the special
choice of up.
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(vi) The weak solution u € H(Q) satisfies

[ull @) < Ch ( sup 5 vz I sup (95 w)r2ry)
vemb oy Wl wememongoy lmeey)

< Co (IIfllz2() + el z2rn) + lunllgrz,))

. HuD||H1/2<rD>)

(5.18)

where the constants C1,Ca > 0 only depend on Q and I'p.

Proof. Note that the variational form (5.16b) does not consider whether up is zero or not.
Therefore, the same proofs as for the mixed boundary value problem with homogeneous Dirichlet
data apply to prove (i) and (ii). To verify (iii), simply note that the left-hand side of (5.17)
defines an equivalent scalar product on the Hilbert space H}) (©2). The right-hand side is linear and
continuous on Hll) (©). Therefore, existence and uniqueness of ug follows from the Riesz theorem.
(iv) is obvious, and (v) thus an immediate consequence of (iii) and (iv). To prove the stability
estimate, we argue as for the homogeneous Dirichlet conditions. With the Friedrichs inequality, we
see that

Or” ol gy < Vuoll72(q)
= (V’LL() 3 VUO)Lz(Q)
= (f 3 Vuo)r2(q) + (¢ 5 yuo)r2(ry) — (Vup 5 Vuo) p2(q)

(f;U)QQ (¢7w)2
< luollzr () < sup o UP@ g, W HIPTN)

ol )
veHE(2)\{0} H’UHHI(Q) weHY/2(T §)\{0} ||wHH1/2(FN)

Second, the triangle inequality gives

ull 1) < lupllar @) + [lvwolla )

< (1+C%) ( sup m + sup w

k) )
vemb@ngoy W) wemzmongoy Wlmeey)

Taking the infimum over all up, we conclude the stability estimate (5.18). [
Remark. A first idea for the numerical approximation of the weak solution u € H(Q) of (5.15)

might be the following:

e Construct an extension @ip € H*(Q) of the Dirichlet data.

e Discretize the variational form (5.17) by P1-FEM to obtain an approximation ug, € Sh(T)
of up € H} ().

e Compute uy, := ugp + up to obtain an approximation of u.

We stress, however, that then uj, & S*(T) so that a postprocessing or evaluation of uy, is nontrivial.
Moreover, we have to compute the scalar product (Vup ; Vup,) for discrete functions to build the
load vector of the P1-FEM for ug. This leads to additional quadrature errors. Finally and most
important, it might be hard to compute @p unless the Dirichlet data up are rather simple. a

To overcome the difficulties mentioned in the previous remark, one uses the following approach
in practice, which is then called P1-FEM of the weak form (5.16):
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Discretize Dirichlet data up € HY2(I'p) by some up; € SH(Tr,) == {vnlr, | v, € SHT)}.

Construct extension upy, € S(T) with Ups|r, = uph.

With py, replacing iip, compute P1-FEM approximation ugp, € ShH(T), cf. (5.17).

Finally, define uy, := ug + Upn € S'(T) as approximation of the weak solution u € H' ().

Note that the discrete solution u, € S'(T) then belongs to the affine space ups + SH(T). The
following result is the corresponding Céa-type lemma:

Lemma 5.5 (Céa lemma, first version). Let u € H'(2) be the weak solution of (5.15).
Let tipy, € SY(T) be the approzimate Dirichlet data and upy := Upp|r,- Let up € SY(T) be
the unique solution of

uplr, = Upn

(5.19)

(Vun s Vo) 2y = (f 5 v)r2(0) + (85 vn)2ry)  for all v, € Sp(T).

Then, up, is quasioptimal in the sense that there exists a constant C' > 0 such that
Mu—upllgriey < min_u—(op +8pn)llmi@) = min_fu—wplgiq)  (5:20)

VR €SL(T) w, €8H(T)
Wh|r p =UDh

The constant C' > 0 only depends on Q and I'p.

Proof. Note that the variational formulations (5.16) and (5.19) imply the Galerkin orthogonality
(V(u—up); Vop) 2 =0 for all vy, € SH(T).
We define ugp, := up, — Upp € SH(T) and observe that
IV (w = un)[ 720y = (V(u = un) ; V(u = [uon + Upn))) 120

= (V(u—up) ; V(u — [vn + Upnl)) 2(0)
<V (u = un)ll 2@ IV (= [vn + i)l 22 ()
for each v, € SLH(T). Next, recall that [Jv| = Vvl 2() + [[v0llL2(r,) provides an equivalent

norm on H'(f), i.e., there are constants Cy,Cy > 0 such that C7 o[ < ] 1) < C2 ]| for all
ve HY Q). Consequently,

Cy Ml —unll ) < IV (@ —up)llr2) + 17w — wn)llz2rp,)
= V(u —un)ll2@) + llup — upnll2ry)
< |IV(u = [vn + Upn))ll L2y + 17 (w = [vn + Upr])l L2 (rp)
< Cillu = (v + Uph) || g1(0)

for all v, € S5 (T). This proves (5.20) with an infimum on the right-hand side. Standard arguments
show that this infimum is, in fact, attained. |
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Ezxercise 46. Proof that (5.19) has a unique solution u;, € S(T). O

Remark. Note that Lemma 5.5 is independent of how the Dirichlet data are actually discretized,
but the discretization enters the right-hand side, since it constraints the affine space for the mini-
mum in (5.20). Later on, we shall see that appropriate discretization upy, = Jpup by means of the
Scott-Zhang projection Jp even guarantees that

U—U < (C min U—w
| rlla ) < whesl(T)H nll (@)

where the right-hand side is independent of how up is actually discretized; see also Exercise 48—49
below. 0O

Remark. If the Dirichlet data up have an extension up € H?(2) with Yuplr, = up, then up is
continuous. We define ipy, € S*(T) nodewise by
. up(2) for z € T'p,
upp(z) =
0 else,

for 2 € K. Let u € H*(Q) denote the weak solution of (5.15) and ug := u — iUp € H5H(Q). We
additionally define tp, € St (T) nodewise by

tipn(2) 0 for z € T'p,
upn(z) =
br up(2) else,

for z € K. Note that the nodal interpolant of up reads I[pup = upp + upp and that ||[up —
Ihupl| (o) = O(h) decays with optimal order. Consequently, we may plug-in u = Up + ug into
Céa’s lemma to observe that

CMu—u < min ||lu— (upy +v
| wlle @) < heS}:,(T)H (@pn +vn)l a1 (o)

= min up — Inup) + (ug —vp +
vheS,g(T)H( p — Intip) + (uo — vn + Upn) | 11 (@)

= min up — Inup) + (ug — w
wheS},(T)H( p — Intip) + (wo — wp)| g1 ()

< ﬂD — IhﬂD 1 + min ug — Wh 1 .
| | 71(0) e | 71 (@)

Conversely, it holds that

min  ||ug — w1y = min u—Up) — whll g2
v | 710 o ¢ ) 71 (@)

= min ||lu— (w,+ Ixup)— (up — Iy
whes},(”r)” (wn + Intip) — (Up — Intp) || (o)

< min Hu— (wh+IhﬁD)HH1(Q) + HﬁD —IhﬁDHHl(Q)
whESb(T)

< ||lu = unll g (o) + llup — Intip | g1 (0)-

Therefore, the proposed P1-FEM for the approximation of u € H'(Q) converges with the same
order as the P1-FEM for the approximation of ug € H} (). O

The inhomogeneous Dirichlet problem allows the proof that the trace operator has a right
inverse £. This inverse is called lifting operator.
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Exercise 47. Let v € L(H'(Q); HY/2(T")) denote the trace operator. Prove that there exists
a lifting operator £ € L(H'Y?(T); H(Q)) such that vLv = v for all v € HY?(I'). Hint.
Consider an appropriate Dirichlet-Problem with inhomogeneous Dirichlet data v € HY2(I)
and let u := Lv € H'(Q) denote the unique solution. O

The assumptions of the following exercise will be satisfied for the Scott-Zhang projection.

Exercise 48 (Céa lemma, second version). Suppose that there exists a linear projection
Py, : HY(Q) — SY(T) with the following properties

(i) [1Phollmi(a) < Cstab vl a1 qy for all v € H(Q)

(i) Ppvp = vy, for all v, € SY(T)
i
i

)
)
(iii) (Pyv)|w = v|w for all v € HY(Q) with v|, € SY(T|w) and w € {T',T'p}
(iv) (Pnv)|w depends only on the trace v|, for all v € H'(Q) and w € {I',T'p}

Then, for u € H'(Q2) being the solution of (5.15) and upyp, := (Pyu)|r,, it holds that

min U—v < C min U—w
o R | rlla) < hesl(T)H rll e (@),
UIL‘FD:UDh

where C' > 0 depends only on the stability constant Cytap, 2, and I'p. In particular, this implies
an unconstrained Céa lemma for the mixed boundary value problem with inhomogeneous
Dirichlet data, i.e., under the assumptions of Lemma 5.5 and with upy = (Pyu)|r,,, it holds

u—upllgi) <C  min |u—w| g1q)-
=y <€ min u=wnln o
Hint. Let w € H'(2) be the weak solution of Aw = 0 in § subject to the boundary conditions
w=u—upp onI'p and d,w =0 on I'y. Define ug := u — w. Prove that ug = upp, on I'p and
lu —wollgr () = lv — upnll gr1/2ry- Choose vy, := Phuo. O

The existence of a Scott-Zhang-type projection is essentially equivalent to the validity of the
Céa lemma.

Exercise 49. (a) Suppose that P, : HY(Q) — S(T) satisfies the properties (i)—(iii) of
Exercise 48 for w = I" only. Then, for all u € H'(Q) and all up; € S*(T), it holds that

min u—v < (C min U —w ol —u , 591
’UhESl(T) || h”Hl(Q) - [thSI(T) || hHHl(Q) H DhHHl/Q(F)] ( )
vrlr=uph

where C' > 0 depends only on €2 and the stability constant Cyap. Hint. Argue along the lines
of Exercise 48.

(b) Suppose that (5.21) holds true. Then, there exists a linear projection P, : H(Q) —
SY(T) which satisfies the properties (i)—(iii) of Exercise 48. Hint. For given u € H((),
let upy, € SY(T|r) be the HY?(I')-best approximation of u|p € HY?(I'). With this, let
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Pyu = uy, € SY(T) be the FEM solution of the inhomogeneous Dirichlet problem with discrete
Dirichlet data upy,. O

Remark. Note that, for inhomogeneous Dirichlet data, it holds that

llu = unll® # lull® = funll?

in general. Therefore, we cannot proceed as in Exercise 45 to approximate the error. Instead, in
academic examples, where u is known, one has to compute

llu = unll® = > 11V — Va2
TeT

by T -piecewise numerical quadrature. O

FEzxercise 50. Write a MATLAB code for the P1-FEM for the mixed boundary value prob-
lem (5.15) with inhomogeneous but continuous Dirichlet data up. To verify the code, consider
the Dirichlet problem

~Au=1 inQ=1]0,1]?

u=1 onl.

If ug denotes the solution of the corresponding homogeneous problem, then it holds that u =
ug + 1. O

5.3 Higher Dimensions

A set T C R? is called non-degenerate simplex provided that there are nodes z, ..., zq € R?
with 7" = conv{z,...,24} and provided that |T| > 0, i.e., T has positive measure. We note
that T is in particular bounded and closed, whence compact. For d = 2, this definition describes
non-degenerate triangles; for d = 3, this definition describes non-degenerate tetrahedra.

The most important example is the reference simplex
Tref := conv{0,e1,...,eq}, (5.22)
where e; is the j-th unit vector. There holds |Tyef| = 1/d!
The diameter of T is denoted by
hr = diam(T) := max {|z — y| |z,y € T}. (5.23)
Moreover, pr denotes the radius of the largest ball inscribed of T', i.e.,
pr:=sup{p>0|Fx €T B(z,p) CT}. (5.24)

By K17 ={z0,..., 24}, we denote the set of nodes of T'. By &7, we denote the set of faces of T, i.e.,
Er = {conv(M) ’ M C Kp with #M = d}. Note that E € &p is a hyper-simplex of dimension
d—1, e.g., the faces of a tetrahedron are 2-dimensional surface triangles.

Definition. Let Q be a bounded Lipschitz domain in R%, d > 2. A set T is a triangulation of
(consisting of simplices) if and only if
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e 7 is a finite set of non-degenerate simplices,
e the closure of  is covered by T, i.e., Q =JT,
e for all T,7" € T with T'# T" holds |T'NT’| = 0, i.e., the overlap is a set of measure zero.

By K .= {:c € Kr ‘ T € T}, we then denote the set of nodes of the triangulation 7 and by
E=U {E eér | T e T} the set of faces of the triangulation 7. A triangulation of  is called
conforming or regular (in the sense of Ciarlet) provided that the intersection of two elements
T,T' € T with T # T' is

e cither empty,

e or a joint k-dimensional hyper-simplex of both T and 7", i.e., T NT" = conv(M) with M C
KrO K and #M =k < d— 1.

According to this regularity assumption, a face E € £ with surface measure |ENI'| > 0 automatically
satisfies £ C I, i.e., a face F is either a boundary face or an interior face. Additionally, we always
assume that a regular triangulation resolves the boundary conditions: If I = 9€ is partitioned into
Dirichlet and Neumann boundary I'p and I'y, respectively, each boundary face F € £ with £ C T’
satisfies

e cither E CTp
e or FCTy.
With this assumption, we define the (disjoint) sets of boundary faces
Ep={FEc€&|ECTp} and Eyv:={Ec&|ECTn} (5.25)
as well as the set of all interior faces
Ea:=E\(EpUEnN). (5.26)

We finally note that, for each E € £, there are two elements T,7" € T with E =T NT".

For a regular triangulation 7, the hat functions provide a basis of S!(7), and all results of
Section 3.1 hold accordingly.
5.4 Shape Regularity & Scaling Arguments

A regular triangulation 7 is «y-shape regular if

hr
‘= max — < 7y < oc. 5.27
o(T) max Sy <00 (5.27)

According to Exercise 17, this new definition is (up to some generic constant) equivalent to the
definition given in Section 3.2.

For a non-degenerate simplex T' = conv{zp, ..., 24} C R?, we define

Sr Tt =T, P7v:=20+ Brv, where By := (z1 —20 Z9—20 ... Z4-— zo) € R4,

89



CHAPTER 5. A PRIORI ANALYSIS II

Arguing as in Lemma 3.9, we see that ||Br||r ~ hr, since the diameter of a simplex is its longest
edge. To employ scaling arguments, it remains to prove ||B,. Y|r < pr. This is done with the help
of the following lemma.

Lemma 5.6.  Let Ty, 7> C R? be compact sets with B(x;,p;) € Tj C B(y;,r) for some
zj,y; € Tj and pj,r; > 0. Let ® : Ty — T be affine with ®(v) := Bv + w and B € R™*<.
Then, it holds || B|l2 < ro/p1 for the Euclidean operator norm.

Proof. 1. step. For x € R? with |z| < 2py, it holds |Bz| < 2ry: Since B(z1,p1) C T1, we
find y,z € T} with * = y — 2. Then, ®(y),®(z) € Tr. Since To C B(y2,r2), it follows 2ry >
[@(y) — (2)| = |B(y — 2)| = [Bz|.

2. step. For z € R, it holds |Bx| < (r2/p1) |z|: Let = € R¥\{0}. Define v := (2p1/|z|)x. From
|v] = 2p1, we obtain (2p;/|z|)|Bx| = |Bv| < 2re. This concludes the proof. [

Corollary 5.7. With the above notation, the matric By € R¥? is invertible with | det Bp| ~
7| and | Bz |Ir S p7'-

Proof. As for 2D, one obtains |det By| ~ |T'| > 0, and hence By and ®p are invertible. Note that
BZFl is the linear part of the affine mapping @;1. Hence, Lemma 5.6 gives HBl;1 ll2 < hret/pr < p;l.
Norm equivalence on R%*? concludes || B! ||r ~ || B3 |2 < p7t [

5.4.1 Conclusion

The analysis of the previous chapters transfers from d = 2 to general dimension d > 2.
e The whole Chapter 2 is stated for Q C R¢, d > 2.
e All results of Section 3.1 now hold verbatim for d > 2.

e The Approximation Theorem 3.5 holds for d = 2, 3. For d > 4, one requires higher smoothness
of u to ensure continuity (cf. the Sobolev Theorem 3.4).

e Bramble-Hilbert Lemma 3.7 and transformation formula (Lemma 3.8) have already been
formulated for d > 2.

e The inverse estimate and its applications hold verbatim.

e The data approximation analysis of Section 5.1 in the frame of the first Strang lemma applies
for d = 2,3. For d > 4, it requires only higher regularity assumptions on f to ensure
continuity.

e Technical auxiliary results like the trace inequality remain valid for general d > 2.

e The a posteriori analysis of Chapter 4 remains valid. Only the proof of Lemma 4.1 which
provides the dual basis functions to define the Scott-Zhang projection, has to be adapted.

e Finally, the adaptive convergence analysis requires hy := |T|"/% ~ diam (7). All arguments
remain valid.
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5.5 Higher-order FEM

Due to the Céa lemma, we observe that it can be advantageous to consider higher-order polynomial
discrete spaces for FEM. For example if the exact solution is smooth, higher-order spaces will achieve
a better rate of convergence of the FEM error.

5.5.1 Higher-order elements in 1D

We consider a “triangulation” 7 with nodes x;, ¢ = 0,..., M on an interval 0 C R. Instead
of piecewise linear functions, we may also use higher-order polynomials to construct our discrete
spaces, 1.e.

SP(T) = {uc HY Q) |ulpo®r € PP(T,) VT €T}, (5.28a)
SNT) = SP(T)NH;(Q) (5.28b)
Here, the we use the mappings from the reference element Ty = [—1,1], 7 : T — T as defined

above.

Remark. Since @ is affine, u|po®r is a polynomial of degree p if and only if u|r is a polynomial of
degree p. This means, the definition above is equivalent to SP(T) = {u € H(Q) |u|r € P,¥T € T}.
However, for non-affine maps ®r (e.g., for curved elements) the Definition (5.28) is still valid, while
the second definition above does not generalize. (Remember that the scaling arguments and inverse
estimates in the previous chapters required u|p o 7 to be polynomial.) O

We construct a basis of SP(T) on the reference element. We choose a basis {N; |i =1,...,p+1}
of the polynomial space PP(Tef) such that

Ni(€) = 5(1-8), Na) = 3148, N1 =0 i23

Remark. The functions N;, i > 3 can be chosen quite freely. The simplest possibility is N;(§) =
(1—&3)¢3 foralli € {3,...,p+ 1}. For small p = 2,3, 4, this choice is fine. However, for higher
p, the choice leads to very badly conditioned stiffness matrices and hence to numerical instabilities.
It is better to choose more “orthogonal” basis functions as for example:

Ni(€) = / i Lio(t) dt, (5.29)

where L; € P; is the i-th Legendre polynomial. Due to the orthogonality properties of Legendre
polynomials, we have N;(£1) = 0 for ¢ > 3. For the practical implementation, it is important to
be able to quickly evaluate the basis functions. On one hand, there holds (2i + 1) ffl L;(t)dt =
Li+1(§)—Li—1(§) and on the other hand, the Legendre polynomials can be computed very efficiently
via three-term recurrences. O

Since the basis functions vanish for ¢ > 3, it is easy to construct a basis of SP(7) from these
local definitions, i.e., '
B =B"U (UrerBT), (5.30)
where B = {@;|i = 0,...,M} are the hat-functions corresponding to z;, i = 0,..., M and
BT = {¢r;|i=3,...,p+ 1} with

(P (2 x
@T,i(l“) = {NZ((DT (=) <!

0 xeQ\T
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FIGURE 5.1. The edge E with elements T}, T and Qp =TL UTR.

We note that the construction of the basis above followed a typical recipe in FEM: The local
basis function (the form functions) are associated with geometrical objects, e.g., the hat-functions
are associated with nodes, whereas the bubble functions 7 ; are associated with elements 7" € 7.
Moreover, we observe that ¢|7 o &7 € {0,Ny,...,Npi1}, ie., a basis function vanishes on an
element, or it is exactly one of the local basis functions IV;.

5.5.2 Higher-order elements in 2D

Analogously to the 1D case, we may define higher-order basis functions in 2D. Let T denote a
regular triangulation and define

SP(T) = {u € H'(Q) | ux o @1 € PP(Trer)},

and S§(T) := SP(T) N HY ().
When constructing the basis functions for the FEM-spaces, we implicitly obeyed the following
rules:
1. The basis functions ¢ € B have a simple structure on the reference element Ti¢¢, i.e., for
all T € T the function satisfies p|p o &7 € {0, N1, Na, ..., }, where {0, Ny,...,} is known
explicitly.

2. The support supp ¢ of the basis functions ¢ € B is small. This leads to sparse stiffness
matrices and hence more efficient solvers.

3. For implementation, it is often advantageous to associate certain basis functions with geo-
metrical objects, e.g., nodes, edges, elements, ...

The case p =2

Idea: Construct B as a union of hat functions B“" and edges-bubble functions. The latter functions
g are supported on Qp (see Figure 5.1). On the edge F, ¢ is a quadratic function as shown in
Figure 5.2.
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FIGURE 5.2. Left: Ny on Ties. Right: ¢p.

In engineering literature, the basis functions N; are often illustrated with a diagram in which
each dot represents a form-function:

(3 Ni, No, N3 are the hat-functions,
® Ny(&m) = €1 -&—n)
O,
Ns(&m) = &n
Ne(&m) = n(1—-¢&—n)

We not?that t}C?e edge %ubbles Ny, ..., Ng are chosen such that they vanish on two edges of Tjs.
Hence, we may associate each of those functions with one edge where it is non-zero. We write the
basis B of S%(T) as

B =B"U (UeeeBY),

where BY" is again the set of hat-functions associated with the nodes A'. The one-element sets
BF = {pg}, E € £ contain the edge bubble functions, which are characterized as follows:

op € HY(Q), supp pr C Qp, op|r o ®r € {Ny, N5, Ng} VT € Qp. (5.31)

Remark. If we restrict them to an edge of Tif, the functions N; (i € {4,5,6}) are symmetric with
respect to the midpoint of the edge. Hence, the above definition of ¢ g leads to a continuous basis
function. To see this, let E € £ with two elements T}, T2 € Q. Let I'y = {(z,0) |z € (0,1)},
I's = {(z,y)|z € (0,1)1 —x—y = 0}, T's = {(0,y)|y € (0,1)} denote the three edges of the
reference element Ti.f. Let i, j € {4,5,6} denote the edge numbers corresponding to E, i.e.,
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Do (I';) = F and P72 (I'j) = E. Then, the above definition of ¢ is equivalent to
N;o CI),EE1 () ze€ @
vp(x) = Njo®;21(x) zeTE
E
0 else

The symmetry of N; on the edges shows that this is well-defined since the two cases coincide on
the edge F.
g
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Chapter 6

Mixed Problems

6.1 Abstract Analysis of Petrov-Galerkin Schemes

Recall that for a continuous linear operator T' € L(X,Y'), the adjoint operator 7™ : Y* — X* is
formally defined by

T*y* € X* with (T7y")(x) :=y*(Tx) forall y* € Y* and x € X. (6.1)
It is an easy application of the Hahn-Banach extension theorem that 7% € L(Y™*, X*) even with the
same operator norm |T'|] = ||T||. We start this section with some easy, but later on important,
observations.

Lemma 6.1. Let X and Y be normed spaces and T € L(X,Y). Then, T is an isomorphism
between X and range(T) if and only if

[ T]|y

— 6.2
eex\{0} |z|lx (6.2)

In this case, there holds |T~! : range(T) — X|| = 1/7. Moreover, the range(T) is closed
provided that X s a Banach space.

Proof. Clearly, T~! : range(T) — X is well-defined (and hence an isomorphism in the sense of
Linear Algebra) if and only if T is injective. If T is not injective, there exists some z # 0 with
Tx =0, and hence it follows 7 = 0. In particular, 7 > 0 implies that T is injective. By elementary
calculations, we see for y = Tx € range(T") that

- [l]lx ]l x 1 1
Y z€X\{0} Y infeex\(0) Talix
Hence, 7 > 0 implies ||T7! : range(T) — X|| = 1/7 < o0, i.e., T~ ! is even continuous. Conversely,

if 771 is well-defined and bounded, there holds

[Txlly _ . lylly
zex\{0} ||z]lx  yerange(m)\{0} [|T 1yl x

T= > || 771 : range(T) — X~ > 0.
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Finally, suppose that X is a Banach space and 7 > 0. Then, range(T") is a Banach space as well
and hence, in particular, a closed subspace of Y. |

Ezxercise 51. For each operator T' € L(X,Y’) between normed spaces X and Y holds
range(T) = (ker T), := {y € Y |Vy* € ker T* y*(y) = 0}. (6.3)

Hint: The inclusion range(7T) C (ker T™*), can be shown directly, which leads to range(7") C
(kerT*)o = (kerT*),. The converse inclusion follows by use of the Hahn-Banach separation
theorem. O

According to the Hahn-Banach extension theorem, the Hahn-Banach embedding
Ix: X — X", (Ixx)(z*):=2%(x) forxe X and 2" € X* (6.4)

is an isometric linear operator, whence injective and continuous. A normed space X is reflexive
provided that Ix is also surjective and thus an isometric isomorphism between X and X**. We
stress that

e reflexive spaces are, in particular, complete and thus Banach spaces,
e finite dimensional spaces are reflexive,

e all Hilbert spaces are reflexive,

e closed subspaces of reflexive spaces are also reflexive.

All of these facts are simple exercises left to the reader.

Theorem 6.2. Let X and Y be reflexive Banach spaces over R, and T € L(X,Y™). Then,
T is an isomorphism if and only if the following two conditions hold:

T
e inf-sup condition 7 := inf sup M > 0,

2ex\{0} yey\{o} Izl x [lylly
e non-degeneracy condition Yy e Y\{0}dze X (Tz)(y) #0.

In this case, there holds |T~|| = 1/7 for the operator norm of the inverse. The combination
of inf-sup condition and non-degeneracy condition is called LBB condition in the literature,
named after Ladyshenskaja, Babuska, and Brezzi.

Proof. 1. step. According to Lemma 6.1, 7 > 0 is equivalent to 7' : X — range(T") being an
isomorphism with closed range. It thus remains to show that range(7") = Y* is equivalent to the
non-degeneracy condition (ND). Assume there exists y* € Y* \ range(7T"). The Hahn-Banach sepa-
ration theorem implies the existence of a functional ¢ € Y** such that ¢(y*) = 1 and ¥|,ange(r) = 0.
With the identification of Y** and Y, we obtain some y € Y \ {0} with Iyy = ¢ and

0= ¢(Tx) = (Tx)(y).

96



CHAPTER 6. MIXED PROBLEMS

This contradicts the non-degeneracy condition (ND). We showed that ND implies range(T") = Y*.
For the converse direction assume range(7) = Y* and y € Y \ {0}. There exists y* € Y* with
y*(y) # 0. Hence, we find x € X with Tz = y* and hence (T'x)(y) # 0. This concludes (ND) and
hence the proof. |

The following simple exercise proves that the assumptions on X in Theorem 6.2 are sharp.

Ezxercise 52. Let X be a normed space and Y be a reflexive Banach space over R. Let
T € L(X,Y™) be an isomorphism. Prove that X is also a reflexive Banach space. Hint: It is
known that a Banach space Z is reflexive, if and only if Z* is reflexive. Moreover, Z is reflexive,
if and only if each bounded sequence has a weakly convergent subsequence (i.e., the unit ball
of Z is weakly compact). O

We now turn to continuous bilinear forms a : X x Y — R on normed spaces X and Y. So far,
we only considered weak formulations of the type: Find x € X such that

a(z,:) =z" € X7, (6.5)

where a(+, ) is a continuous bilinear form on X =Y. For the classical Galerkin scheme, we assumed
that a(-,-) is even elliptic. Note that the last theorem provides a mathematical framework for weak
formulations of the following type: Find z € X such that

a(z,)=y" €Y, (6.6)

where a(-,-) now is a continuous bilinear form a : X x Y — R. In the literature, this approach is
named after Petrov-Galerkin.

Corollary 6.3. Let X and Y be real Banach spaces, where Y is reflexive. Leta: X XY — R
be bilinear and continuous. Then, the following statements (1)—(ii) are equivalent:

*

(i) For each y* € Y*, exists a unique x € X with a(x,-) = y*.

(ii) The bilinear form satisfies the LBB condition:

e inf-sup condition «:= inf a(z,y) -0,

2eX\{0} yev\(oy =]l xllylly
e non-degeneracy condition Yy € Y\{0}Jz € X a(z,y) #0.

In this case, it holds

allzllx <y lly- < llallll=(x, (6.7)
where ||a|| := sup _alz.y) denotes the continuity bound of a(-,-).
rex (0} ]l x [[ylly
Y

Proof. We associate with a(-,-) the operator T € L(X,Y™) given by Tx = a(z,-). Note that (i)
is equivalent to the fact that 7" is an isomorphism (according to the open mapping theorem).
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According to Theorem 6.2, the latter is characterized by the LBB condition for T" which, in fact,
coincides with that for a(-,-). For given y* € Y* and = € X with a(z,:) = y* € Y*, it holds
Tz = y*. With |T : X — Y*|| = |a||, we see ||y*]ly~ < |la| ||z|lx. With z = T-ly* and
IT~1:Y* = X|| <1/a, we derive ||z||x < ||y*|ly+/a. This concludes the proof. [ |

One important difference to the elliptic framework now is, that we may not simply replace X
and Y by discrete spaces X; and Y}, respectively. Instead, Corollary 6.3 states that we need to
satisfy the inf-sup condition and the non-degeneracy condition not only for the pairing (X,Y") of
continuous spaces, but also for any pairing (X}, Y},) of discrete spaces. To underline this, note that

0 01
T=10 10
1 00

is an isomorphism on Y = X = R3. For X}, =Y}, = R? and the canonical embedding, i.e., z € R?
is identified with (x,0) € R3, the restricted matrix is

0 0
5= o )

which is clearly singular. We finally note that in the discrete setting the inf-sup condition and the
non-degeneracy condition are equivalent.

Proposition 6.4. Let X and Y be real Banach spaces with dim X < oo and dimY < co. Let
a: X xY — R be bilinear. Then, there holds the following:

(i) The inf-sup condition o := inf e x\ [0} SUPyey {0} % > 0 implies dim X < dimY.

(ii) The non-degeneracy condition (Vy € Y\{0}3z € X a(z,y) # 0) implies dimY <
dim X.

(iii) For dim X = dimY’, the inf-sup condition is satisfied if and only if the non-degeneracy
condition is satisfied.

Proof. We define the operators A; € L(X,Y™*) and Ay € L(Y, X*) by A1z := a(x,-) and Ay :=
a(-,y). According to Linear Algebra, finite dimension implies

dim X = dimker(A4;) + dimrange(A;) < dimker(A;) + dim Y* = dimker(A4;) + dimY,
dimY = dimker(A4s) 4+ dimrange(As) < dim ker(As) + dim X* = dim ker(A3) + dim X.

1. step. If dimX > dimY, we obtain dimker(A4;) > 0. Hence, there exists z € X\{0} with
Aixz = 0. This implies a(z,y) = 0 for all y € Y and hence o« = 0 for the inf-sup constant. By
contraposition, this shows that the inf-sup condition implies dimker(A;) = 0 and hence dim X <
dim Y. This proves (i).

2. step. If dimY > dim X, we obtain dimker(A2) > 0. Hence, there exists y € Y\{0} with
Aoy = 0. This implies a(z,y) = 0 for all z € X, and hence the non-degeneracy condition fails. By
contraposition, this shows that the non-degeneracy condition implies dimker(A4s) = 0 and hence
dimY < dim X. This proves (ii).
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3. step.

In Step (ii), we have shown that (ND) implies injectivity of Aa. Since dim X = dimY = dim Y™,
this proves that A, is bijective. The converse implication is obvious, i.e., As is bijective if and only
if (ND) holds. In Step (i), we showed that the inf-sup condition implies injectivity of A;. Since
dimX = dimY = dimY™, this proves that A; is bijective. Again, the converse implication is
easy, i.e., Ay is bijective if and only if the inf-sup condition holds. To conlcude (iii), we only
have to show that bijectivity of A; and Ay are equivalent. To that end, let {z1,...,2,} C X
and {y1,...,yn} C Y be bases. We define the matrix A € R"*", A, := a(xy,y;) and note
that (A12)(y) = alzr, y;) = Aji as well as (A1y;)(zx) = a(rk,y;) = Ajr. Therefore, A is the
Petrov-Galerkin matrix corresponding to A; and its transpose A’ is the Petrov-Galerkin matrix
corresponding to As. Therefore, Linear Algebra proves the equivalence

Ay is bijective <= Aisregular <= AT isregular <= A, is bijective

This concludes the proof. |

Exercise 53. Prove that a bilinear form a : X X Y — R on normed spaces X and Y is

continuous if and only if ||a| := sup _a@y) < 0. O
sexvioy [zl xlylly
yeY\{0}

The following exercise states the quasi optimality of Petrov-Galerkin schemes. We stress, how-
ever, that the quasi-optimality constant depends on the discrete inf-sup condition.

Ezxercise 54 (Céa’s Lemma for Petrov-Galerkin Schemes). We consider the weak
form (6.6) with a continuous bilinear form a : X x Y — R on Banach spaces X and Y. Let
y* € Y*. Let X}, and Y}, be finite dimensional subspaces of X resp. Y with dim X} = dim Y},
We assume the

a(xp,
e discrete inf-sup condition «j :=  inf sup M > 0,

2n€Xi\0} y,evi\ (o} Znllx lynlly

Then, there is a unique xp € X} with
a(zp,) =y* €Y. (6.8)

If 2 € X solves the weak form (6.6), we have quasi optimality

|z —apl|x < (1+ |lall/an) min ||z — v x, (6.9)
v EXp
where |la]| ;== sup M denotes the continuity bound of a(-,-). O

zexvioy [zl x [lylly
yeY\{o}

A simple observation is that the LBB theory allows a generalization of the Lax-Milgram lemma
to the case of reflexive Banach spaces.
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Ezxercise 55 (Lax-Milgram Lemma for Reflexive Spaces). Let a : X x X — R be a
continuous and elliptic bilinear form on the reflexive Banach space X. Prove that a(-, -) satisfies
the inf-sup condition

7:= inf 7(1(33’ v) >0
2ex\{0} yex\{o} 12l x [yl x

as well as the non-degeneracy condition
Vy e X\{0}Fz € X a(x,y) #0.

For each given right-hand side z* € X*, the weak form (6.5) thus has a unique solution x € X.
O

Another observation is that for reflexive spaces, it is immaterial whether the LBB condition is
stated for the first or the second component.

Ezxercise 56. Let X, Y be reflexive Banach spaces and a : X XY — R be a continuous bilinear
form. Prove that the following statements (i)—(ii) are equivalent:

(i) The bilinear form satisfies the LBB condition for the first argument:

e o := inf su M > 0,
zeX\{0} yey (o} lzllx lylly

o Vy c Y\{0}3x € X a(z,y) #0.

(ii) The bilinear form satisfies the LBB condition for the second argument:

o a(z,y)
o oy := inf i
ve\{0} zex\ (o} llzllxllylly

e Vx e X\{0}FyeY a(z,y)#0.

> 0,

Moreover, in this case there holds a; = as. O

6.2 Abstract Analysis of Mixed Formulations

Instead of the general mixed formulation (6.6), we consider linear problems with side constraints
in the following. These arise, for instance, for the Stokes problem.

Before we focus on the abstract solution theory, we explain why these problems are called saddle
point problems: Plotting a function f : R?> — R over the two-dimensional plane, we call a point
(z,y) saddle point of f if the real function f(z + ¢,y) has a minimum at ¢ = 0 and the function
f(x,y +t) has a maximum for ¢ = 0. This is, what is stated in the following proposition for the
so-called Lagrange functional.
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Proposition 6.5.

Leta : X x X > Rand b : X xY — R be bilinear forms on normed spaces X and
Y. Assume that a(-,-) is positive semidefinite, i.e., a(x,x) > 0 and symmetric. Then, given
(x*,y*) € X* x Y™, (z,y) € X XY is a solution of the saddle point problem

a(y;’ ) + b(ay) = z"e X"
1
if and only if the Lagrange functional L(v,w) := 5 a(v,v) — z*(v) + b(v,w) — y*(w) satisfies

L(z,w) < L(z,y) < L(v,y) forall (v,w) e X XY, (6.11)

i.e., (x,y) is a saddle point of L(-,-). In this case, the first estimate in (6.11) holds with
equality.

Proof. First, assume that (z,y) € X x Y is a solution of the saddle point problem (6.10). For
w €Y, the second equality in (6.10) implies

L(z,y) — L(z,w) =b(z,y —w) —y*(y —w) = 0.

This proves the lower estimate of (6.11) even with equality. For v € X, symmetry of a(-,-) and the
first equality in (6.10) prove

L(v,y) — L(z,y) = %a(m—v,x—v)—i—a(x,v—x)—x*(v—x)—i—b(v—x,y) >0,

=0

and we obtain the upper estimate. Altogether, (x,y) is a saddle point of the Lagrange functional.
The proof of the converse implication follows from a classical argument from the calculus of varia-
tions: Let (z,y) € X x Y satisfy (6.11). For fixed v € X, the real function f(t) := L(z + tv,y) has
a global minimum at ¢ = 0. There holds

2

a(z,x) —x*(z) + b(z,y) —y"(y) + i a(v,v) + t{a(xz,v) — 2" (v) + b(v,y)}.

O .

| =

Hence 0 = f/(0) = a(z,v) —2*(v) +b(v, y) for all v € X. This proves the first equality in (6.10). To
prove the second equality, consider, for fixed w € Y, the real function g(t) := L(z,y + tw) which
has a global maximum at ¢ = 0. There holds

g(t) = % a(z, ) —z*(x) +b(z,y) — y"(y) + H{b(z,w) —y*(w)}

and thus 0 = ¢/(0) = b(z,w) — y*(w) for all w € Y, i.e., b(z, ) = y* € Y*. [ ]

The following theorem of Brezzi provides existence and uniqueness of the solution of saddle
point problems.

101



CHAPTER 6. MIXED PROBLEMS

Theorem 6.6 (Brezzi). Let X be a Hilbert space and Y be a reflexive Banach space. Let
a: XxX —=>Randb: X xY — R be continuous bilinear forms. We define Xy := {x €
X |b(x,") =0€Y*} and assume

e a:= in a(v,;)) >0, i.e., a(-,-) is elliptic on Xy,
veXo\{0} [|v]|%
b
e f:= inf sup M>O.

veV\{0} zex\ (o3 |zl x[lylly

Then, for any (z*,y*) € X* x Y*, there is a unique solution (r,y) € X XY of

a(z,:) + b(y) = z¥eX*
b(z, ) = Yy eY*r (6.12)
Moreover, we have the stability estimates
1 1 lall
< et e + = (1 7> “llys 6.13
el < o ol 5 (142200 )l (6.13)
and
1 lal ] lall |, .
yYSf(lJr—)(x x++ =y Y*) 6.14
lyll 3 - ) U7l 3 19" (6.14)

Remark. (i) Note that one can identify X* x Y* = (X xY)* as follows: For 2* € X* and y* € Y™,
the definition z*(z,y) := 2*(z) + y*(y) yields z* € (X x Y)*. Conversely, z* € (X x Y)* gives rise
to z*(z) := z*(x,0) and y*(y) := z*(0,y) with (z*,y*) € X* x Y*.

(ii) If we define operators Ay € L(X, X*), By € L(X,Y™), and By € L(Y, X*) by
Az :=a(x,-), Bizr:=b(z,:), and By :=b(-,y),

Equation (6.12) can be written in the form

(5 %) ()= () 029

In this form, the Brezzi theorem states that this operator matrix is an isomorphism from X x Y
to X* x Y* = (X x Y)* and so fits into the abstract framework given above.

(iii) We stress that the original proof of Brezzi works for reflexive Banach spaces X and Y. Therein,
it is proved directly that the operator matrix from (6.15) satisfies the inf-sup condition as well as the
non-degeneracy condition. Our stronger assumption that X is not only a reflexive Banach space,
but even a Hilbert space, reduces the technical difficulties and leads to a much simpler proof. O

Sketch of Proof of Theorem 6.6. Let (x,y) € X xY. With the orthogonal decomposition
X=X, XOL, we write £ = x1 + 2o with 21 € X and a5 € XOL. Note that (6.12) is equivalent to
the following three identities:
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o b(zg, ) =y* €Y,
o a(zy,:) =% —a(xe,-) € X{,
o b(-,y) =a* —a(x; +x2,) € X*.

For the proof of Theorem 6.6 we are going to show that these three equations — proved in the
stated order — admit unique solutions 9 € XOL, x1 € Xp, and y € Y*. This proves existence and
uniqueness of the solution (z,y) = (x1 + x2,y) € X X Y of (6.12). |

The main ingredient of the proof of Theorem 6.6 is the closed range theorem:

Theorem 6.7 (Banach’s Closed Range Theorem). For an operator T € L(X,Y)
between Banach spaces X and Y, the following is equivalent:

(i) range(T) C Y is closed,

(i) range(T) = (ker T*)o = {y € Y |Vy* € ker T*  y*(y) = 0},

(ili) range(T™) C X* is closed,

(iv) range(T*) = (kerT)° = {z* € X* W:U €kerT z*(z)=0}. [

Proof of Theorem 6.6. The essential steps of the proof are based on operator arguments for the
operators defined by Bjz := b(x,-) and By := b(-,y). We are going to consider the four operators

By € L(X,Y*), BieL(Y*™ X",
By e L(Y,X*),  Bje L(X*,Y").

More precisely, the first three steps state the essential observations about these operators, whereas
the remaining proof follows the line of the sketch given before.

1. step. B is injective with closed range and ||B, ' : range(Bs) — Y|| = 1/8, which follows
from Lemma 6.1 and

Botyl v
B= inf | 2@/HX.
yev\{o} [lylly

2. step. There holds By = Bily, which follows from
(B2y)(z) = b(z,y) = (Biz)(y) = (Iyy)(Biz) = (Bilyy)(z) forallze X,yeY.

3. step. Since Y is reflexive, B is injective with closed range(By) = range(B2). Moreover, the
closed range theorem even proves

range(Bs) = range(B]) = (ker B1)° = (X)° as well as range(B;) = (ker B} ), = Y™.

4. step. There is a unique 3 € X5~ with b(z9,-) = y* € Y*: According to step 3, there is at least
one z € X with b(z,-) = Bix = y*. The decomposition x = x1 + x9 with 21 € Xy and x5 € Xd-
proves b(zg,-) = b(x, ) = y* € Y*, which concludes existence. To prove uniqueness, let Ty € XOL
with b(Z2,:) = y* € Y*. Then, b(zy — To,-) = 0 € Y*, whence x9 — Ty € ker By = X(y. From
Lo — Tg € XOL, we thus obtain z9 = Z9.
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5. step. There is a unique element z; € X with a(z1, ) = 2" —a(x2,-) € X§ which immediately
follows from the Lax-Milgram lemma and the observation that X is a closed subspace of a Hilbert
space and hence a Hilbert space as well.

6. step. There is a unique element y € Y with b(-,y) = «* — a(z, ), where z := z1 + z9 € X:
By construction in step 5, there holds

z* —a(z,-) € (Xo)° = {v* EX*‘VU € Xo v*(v)=0}.
According to step 1 and step 3, Bj is injective with range(Bs) = (X)°. Thus, there is a unique
y € Y with b(-,y) = Bay = z* — a(z, ).
7. step. There holds |22/ x < ||y*||y~/B: From z2 € X4 follows (2 ; -)x € (Xo)° = range(Bs).

Thus, we may choose § € Y with Boy = (w2 ; -)x. From ||B;' : (X0)° — Y| = 1/8, we infer
[9lly < (22 ; -)xllx+/B = ||lz2llx/B. Together with b(xa,-) = y*, we conclude

lly* ||y
B

8. step. There holds |z1]|x < a7 ! (||a*||x+ + |lal||z2]lx): Note that A; € L(Xp, X) is an
isomorphism with [|A;! : X§ — Xo| < 1/a. From Ajz; = a(x1,-) = 2* — a(w2, ), we thus infer

225 = (z2 5 32)x = (B2y)(22) = b(22,7) = y* (@) < |y*ly=[7lly < |22l x

1 1
lz1llx < —l2” = alz2,)llx5 < = (1 |0 + Nlall[lz2]lx).-

9. step. The triangle inequality leads to

Ja L Ja
lollx < lleallx + lleallx < % a*lle + (P2 +1) llaallx < "l + 5 (Pt + 1)

10. step. It finally remains to dominate ||y||y, where Boy = b(-,y) = 2* — a(z,-) € (Xo)°. We use
HBz_l (X0)° = Y| =1/8 to see

L. 1 [[all
ylly < 5 12" —a(, )| x < < |27l x + —= ll=|lx
[yl BH (@, )|l 5|| | 5 [Ed|
1 ||a|| 1 4 ||< ||a||> .
< - s — — *
<3 27| + =57 — ll27[lx- + g2 =) Iyl
1 < ||a|| IIaH
=3 ]|+ 1y [y
This concludes the proof. [

Remark. (i) Let By € L(X,Y") and By € L(Y, X*) be defined as in the proof of Theorem 6.6.
In the proof, we have seen that 5 > 0 implies surjectivity of B;. We note that even the converse
implication holds, i.e.,

b
B:= inf sup _b@.y) >0 <= B is surjective. (6.16)

ye\{0} zex\qoy zllx lylly

Suppose that Bj is surjective. As in step 3 of the preceding proof, the closed range theorem proves
that BY is injective with closed range. Moreover, By = B} Iy proves that By is injective with closed
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range(Bs) = range(B}) = (ker B1)° = (Xp)°, i.e., Ba : Y — range(Bs2) is continuous and bijective
between the Banach spaces Y and range(B2) C X*. According to the open mapping theorem,
By : Y — range(Bs) even is an isomorphism, i.e., 37! = ||By : Y — range(Bs)| < 0o, whence
8> 0.

(ii) Altogether, the two main assumptions on a(-,-) and b(-, ) can equivalently be stated as follows:
e The bilinear form af(-,-) is elliptic on Xy = ker Bj.
e The operator By € L(X,Y™) is surjective.

We hope that the reader may keep this (abstract) formulation in mind much easier. For the
statement of Theorem 6.6, we used the definition of o and 8 instead, to provide the stability
estimates (6.13)—(6.14) with explicit constants. O

Going through the proof of Theorem 6.6, one realizes that ellipticity of a(-, -) on X is only used
to provide a unique z1 € Xy with a(x1,-) = 2 € X in step 5. To prove unique existence of 1,
it is, however, sufficient to assume that the operator A; : Xo — X defined by Az := a(z,-) is an
isomorphism. This is done in the following exercise.

Exercise 57. Let X, Y a(-,-), and b(+, ) be as in Theorem 6.6. Then, the following statements
are equivalent:

(i) For all (z*,y*) € X* x Y*, there exists a unique solution (z,y) € X x Y of the saddle
point problem (6.12).

(ii) The bilinear forms a(-,-) and b(-,-) satisfy the following three assumptions:

e o:= inf sup M>O,
veXo\{0} wexo\fo} 1Vl x[lwllx

o Vw e Xo\{0}3Fv e Xy a(v,w) #0,

e B:= inf b, y)

— > (.
ve\{0} zex\ioy 1zllx llylly

The first two assumptions state that A; : Xo — X is an isomorphism, cf. Theorem 6.2. The
assumption on [ is the same as in the above statement of the Brezzi theorem. O

The following corollary provides the relation between saddle point problems and the abstract
Petrov-Galerkin scheme from Section 6.1.

Corollary 6.8. Suppose that X is a Hilbert space, Y is a reflexive Banach space, and
a: XXX —=>Randb: X xY — R are continuous bilinear forms. Then, Z := X XY is a
reflezive Banach space, and c((z,y), (Z,y)) = a(z,z) + b(z,y) + b(z,y) defines a continuous
bilinear form ¢ : Z x Z — R. Moreover, for (x,y) € X XY and (x*,y*) € X* x Y*, the saddle
point problem (6.12) is equivalent to

c((z,y), (x,y) =" (x) +y*(y) forall (z,y) € X xY. (6.17)
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Finally, the following three statements are equivalent:
(i) a(-,-) and b(-,-) satisfy the assumptions of the Brezzi theorem, i.e.,

e av:= inf su M>0withXo::{J:‘EX“?(.%’,'):OGY*},
veXo\{0} wexo\ {0} [0 x [[w][x
o Vw e Xo\{0}3Fv e Xo a(v,w) #0,

b
e §:= inf sup M>O.

yeY\{0} ze x\ {0} 2l xlylly
(ii) c(-,-) satisfies the LBB conditions

c(z,w)

e v:= inf >0,

p —
2€2\{0} wez\fo} lI2llz]lwllz
o Ywe Z\{0}3z€ Z c(z,w)#0.

(ili) For all (x*,y*) € X* x Y, the variational formulation (6.17) has a unique solution
(x,y) e X x Y.

In particular, it holds ||c|| < ||a]|+2 ||b|| for the corresponding norms and there ezists a constant
C > 0 such that

2oy (1 ey (1 ”g”)} . (6.18)

Proof. 1. step. Since X and Y are reflexive, their closed unit balls Bx C X and By C Y are
weakly compact. According to the Tychonov theorem, Bx x By and hence By are weakly compact
as well. Consequently, Z is reflexive. Moreover, it is obvious that ¢(-,-) is bilinear and continuous
with [le]| < [lal| 4 2 b].

2. step. Summing the equations of (6.12), we obtain the variational form (6.17). Testing (6.17)
with test functions of the type (z,0) or (0,y), we see that (6.12) and (6.17) are, in fact, equivalent.

3. step. The equivalence of (ii) and (iii) is stated in Corollary 6.3. The equivalence of (i) and
(iii) follows from step 2 and Exercise 57.

4. step. It remains to prove (6.18): From (6.13)7(6.14) we obtain

ol + oty < 5 Il o+ (0 S50 e+ 5 (104 250 (1o + 1501
(R L e L] g L (1+M)(1+M) Il
< (2 d (e ) (o ] g e

With the operator T'z := ¢(z, -), this proves that the solution operator 771 : X* x Y* — X x Y has
operator norm ||T71|| < C [a (1 + Ha”) (1 + Ha”)], where C' > 0 depends only on the norms

chosen on Z = X x Y and Z* = X* x Y*. According to Theorem 6.2, it holds || T~!|| = 1/~. This
concludes the proof. [ |
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Ezxercise 58. Give a direct proof that ¢(-,-) from Corollary 6.8 satisfies the LBB condition,
i.e., prove directly that (i) implies (ii). Hint. For (z,y) # 0 use the orthogonal decomposition
x =11+ 29 € Xo + Xg and estimate ||z1]|x, ||z2]|x, and |y||y separately. 0

Corollary 6.8 together with Exercise 54 provides a solvability theory and the Céa lemma for
Galerkin discretizations of saddle point problems.

Corollary 6.9 (Céa Lemma for Saddle Point Problems, Version I). Leta: X xX —
R and b: X xY — R be continuous bilinear forms on a Hilbert space X and a reflexive
Banach space Y. Given (z*,y*) € X* x Y*, let (z,y) € X xY be a solution of the saddle
point problem (6.12). Let X, C X and Y, C Y be finite dimensional subspaces and define
Xop = {xh e Xy ‘ b(xzp,-)=0¢€ Yh*} Suppose that

T — inf a(vn, wh)

sup ——i— >0,
R €Xon\{0} wy, e xon\{0} VRl x (Wl x

b
e [Bp:= inf sup M > 0.

un €Y \{0} zpex,\ {0y [1Znll x|y lly

Then, there is a unique solution (xp,yn) € Xp X Yy of the discrete saddle point problem

a(xp,:) + b(yn) = z*e€ X},

b, ) — ey (6.19)

and there holds

I = wnllx + ly = wally < € (_min [lz = Fallx + min [ly = Gl )
zpeXp Yn€Yy

The constant C > 0 depends only on (||a||+]b]|)/vn with v, = { +6h <1—|—”“”) i (1—1—”““)}

Proof. The existence and uniqueness of (xp,yp) follows from the abstract Brezzi theorem; see
Corollary 6.8. For Petrov-Galerkin schemes, the constant in the Céa lemma depends only on the
quotient of the continuity bound and the discrete inf-sup constant; see Exercise 54. Both constants
have been estimated in Corollary 6.8. |

Remark. The Galerkin discretization of saddle point problems is structurally much more difficult
than for problems of the Lax-Milgram lemma:

(i) Note that Xop, € Xo := {v € X |b(v,-) =0 € Y*}. There may be even no relation between X
and X, besides the trivial Xg N Xy C Xgp. In particular, there is no relation between o and «ay,
even if a(-,-) is elliptic on Xj.

(ii) However, if a(-, -) is already elliptic on X, i.e., 7 := inf e x\ {0} T‘(;”?) > 0 this implies o > 7 and
X

ayp, > 1 for the continuous and discrete inf-sup constant of a(,-).

(iii) Moreover, f > 0 from the continuous formulation does not imply 8, > 0 for the discrete
formulation. Below, we introduce Fortin’s criterium which provides some help on this matter.
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(iv) Finally, we recall that 85 > 0 implies necessarily dim Y}, < dim X},; see Proposition 6.4. |

Ezercise 59. For a matrix A € R™*" holds ker(A”) = (rangeA)® as well as range(AT) =
(ker A)*, where (-)* denotes the orthogonal complement with respect to the usual Euclidean
product in R™ resp. R™. O

The following two exercises consider the discretization of the mixed problem (6.12). We stress
that a linear system similar to the one here, also appeared for the discretization of the Neumann
problem, where we had to realize the linear side constraint fQ up dr = 0.

FEzxercise 60. Let a: X x X — Rand b: X xY — R be continuous bilinear forms on a Hilbert
space X and a reflexive Banach space Y. We replace X and Y by finite dimensional subspaces
X}, and Y}, respectively. Show that the computation of a discrete solution (xp,yn) € Xp X Y3
of

a(zp,) + b(,yn) = 2*e X,

6.20
b(xp,-) = y*eYy, (6.20)

: . . . : : A BT
is equivalent to the solution of a linear system with a matrix of the type M := ( B 0 ) O

A BT
B 0
definite on the kernel of B. Prove that M is regular if and only if range(B) = R™. O

Ezxercise 61. Let A €¢ R"™", B € R™*" and M := < ) Assume that A is positive

We conclude this section with an improved Céa lemma for saddle point problems; cf. Corol-
lary 6.9.

Theorem 6.10 (Céa Lemma for Saddle Point Problems, Version IT). Leta: X xX —
R and b: X xY — R be continuous bilinear forms on a Hilbert space X and a reflexive
Banach space Y. Given (z*,y*) € X* x Y*, let (z,y) € X xY be a solution of the saddle
point problem (6.12). Let Xj, C X and Y}, C Y be finite dimensional subspaces and define
Xop = {azh e Xy ’ b(xp,-)=0¢€ Y}:‘} Suppose that

a(Vn, vp)

>0
vp €Xon\{0} ||'Uh||%( ’

° ap =

o fBp:= inf sup M > 0.

un €Y \0} zrex,\ {0y [1Znllx|lynlly

Then, there is a unique solution (xp,yp) € Xp X Yy, of the discrete saddle point problem

a(xhv ) + b('ayh) ¥ € X;;:
b(a:h, ) = y* S Y*,

(6.21)
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and there holds
a b - b . -
o=l < (14 2D (1 Y i o= B iyl 622
Qp, h/ ThEXp Q} Gh€Yn
and
BN _ a
= vally < (14 20) i iy = Gl + 20 o — . (623
Bh / gnevs, B

Sketch of Proof of Theorem 6.10. The unique existence of a discrete solution (xp,yn) €
Xp x Yy, follows from the Brezzi Theorem 6.6 applied for X5 x Y. The quasioptimality is proven
in three steps:

e First, we prove estimate (6.23).

e Second, we prove quasioptimality of ||z — x||x with respect to the affine space Z := {Z), €
Xp | b(@h, ) =y* € Yy}

e In a final step, we estimate the bestapproximation error with respect to Z; by the bestap-
proximation error with respect to the entire discrete space Xp which then leads to (6.22).

This general concept even works for nonlinear problems with linear side constraint. |

Proof. We first note the Galerkin orthogonality, which now reads

a(x —zp,-) + b(,y—wyn) = 0€Xj,

b(x — zp, ) 0eYy, (6.24)

1. step. There holds

b ~ a ~
ly —ynlly < (1 + U) ly — ynlly + ] |x —xpl|x forall g, €Y}, :
Bh Br
According to the definition of £y, there holds
~ b(Zh, Yn — Yn
Bullyn — ynlly < sup b(&h, Y = yn)
mnexnfoy  llznllx

With the Galerkin orthogonality, the nominator may be written as

b(Th, U — yn) = —(alz — o, Tn) + b(Tn, y — yn)) + b(@n, Yo — yn)
= —a(x — xh,fh) + b(fhvgh - y)

Therefore, continuity of a(-,-) and b(-,) lead to
B llgn = ynlly < llallllz = znllx + oll|gn — ylly-

Altogether, a triangle inequality ||y — ynlly < |lv — Unlly + ||Un — ynlly yields step 1.
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2. step. With the affine space Zj, := {:TJh € Xy ‘ b(zh,:) =y* € Y,:‘}, there holds

fo—aallx < (14 20) ozl + By — iy for it 2, € 2, ana € v

Since xp, zn, € Zp, there holds xp — 2z € Xop. According to the definition of ay,, we see
apllzy — zhH%( <a(xp — zn,xn — 2n) = alxp — x, 2 — 21) + a(x — zp, T — 23).
For the first term, the Galerkin orthogonality implies

a(zp —x,xp — 21) = 0(wp — 21,y — Yn) = 0(Th — 20, Yn — Yn) + 0(Th — 21, Y — Yn),

where the first summand b(zp, — zp, yp, — yn) = 0 drops out by use of xp, — 25 € Xop. By continuity
of a(-,-) and b(-,-), we see

apllen — znllx < llalllle = znllx + blllly — yally-

Again, a triangle inequality ||z — zp||x < ||z — 2znl|x + [|zn — 21| x yields step 2.
3. step. There holds

|z — zn]lx < ( H H) lx — zp||x for all 7, € X}, and some zp, € Zp, depending on Ty, :

We define W), := (Xop)t € X, and consider the operators By € L(Wp, Yy*) and By € L(Yy, W})
defined by Bywy, := b(wp, -) and Bayp, := b(-,yp). Note that
b(Zh, Yn) : b(wn, Yn)

0< pBp= inf sup @ — " = —
7 e¥i\0} 3, ex,n\ (0} ITrllxFnlly  9neYi\0} wy,ew,\ oy [lwnllx [|Unlly

According to Lemma 6.1, the operator B is injective with closed range and 1/8, = || By !
range(Bz) — Y||. From this, we derive that By = Bj o Iy, is surjective due to range(B;) =
range(Bj) = (ker B2)° = Y;*. Note that by definition of W), := (Xop)t C X, the operator By is
injective and thus an isomorphism between W}, and Y;". In particular, this yields bijectivity of B
as well as

1Byl = [y, (B3) ™M = 1B )"l = 1B Il = 1/ B

In particular, there is a unique element wy, € W), with b(wy,-) = Biwy, = b(x — Zp,-) € ¥} and
there holds |Jwy||x < 8, H|b(z — Zn, )|l x= < (|[b]l/Br) |z — Znl|x. The element 2z := T +wy, € X,
satisfies b(zp, ) = b(z,-) = y* € ¥} and thus z;, € Z;,. Now, we finally see

~ b ~
o= 2l < o = Fallx + unllx < (1+ 51 o - gl

This concludes step 3.
4. step. The proof of (6.23) follows by finite dimension: Note that step 1 implies

Iy
Iy = onlly < (14 50) inf lly =Gl + T2 =l
Br/ Gn€Yn
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and it only remains to see that the infimum is, in fact, attained: To that end, choose an infimizing
sequence (yg) in Yy, i.e.

A ly —yilly = _inf ly =gy
—00 YnEYn

According to the triangle inequality, there holds ||yxlly < ||lylly + |ly — vklly, i-e. the sequence
(yx) is a bounded sequence in the finite dimensional space Yj. Thus, the Bolzano-Weierstrass
theorem yields the existence of a convergent subsequence (yg,) with limit yy € Y},. By continuity,

we conclude
_inf |y = wnlly = lim |ly — vk, |ly = ly — yolly-
thYh {—00

5. step. The proof of (6.22) now follows from a combination of step 2 and step 3: For arbitrary
Ty € Xp, choose zp, € Zj, by use of step 3. Let 3, € Y, and be arbitrary. We then infer

a b ~
ozl < (14140 o — i+ 22y gy
Ch Qp

a b - b .
< (1 + M) (1 + M) lz —Znllx + lll |y — nlly-
ap Bh Qp

Now, we take the infimum over Z;, and ¥ and note that, according to finite dimension, this infimum
is attained by independent minima. |

6.2.1 Discrete inf-sup conditions

Often, the continuous inf-sup condition is not that hard to prove, but the discrete one is the
problem. The next two lemmata provide a tool to derive the discrete inf-sup condition from the
continuous condition.

Lemma 6.11 (M. Fortin).  Letb: X xY — R denote a continuous bilinearform which
satisfies the continuous inf-sup condition
b(u, \)

inf sup ———F— >7>0. 6.25
0AAEY ozuex [[ullx[IAlly (0:29)

Let X;, C X and Yy, CY denote closed subspaces and let I1 : X — X}, denote a linear mapping
with

b(u —u,\) = 0 YA ey, (6.26)
Mullx < Cullullx YVu e X. (6.27)
Then, there holds
b(u, A)

. v
inf sup o = YN = = > 0.
0£NEYS 0£ue X, |[ullx Ay Cn
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Proof. Let A € Y, and note

(6.25) b(v, ) (6.26) b(TTv, A
Ay < w.2) 620 g, v 2)
0£veX vl x 0£veX vl x
(6.27) b(Ilv, A b(v, A b(v, A
< Cp sup b(IIv, ) =Cp  sup (v, 2) <Cp sup (v, 2)
0£veX ”HUHX 0#£verangell HUHX 0#veXy, HUHX
|
Often, it is easier to generate the operator Il in two steps, as done in the following lemma.
Lemma 6.12. Let1l;: X — X}, i =1, 2 denote linear mappings with
HHluHX < ClHuHX Vu e X
HHQ(I — Hl)“”X < CQHUHX Vue X
b(u —Tau, ) = 0 YA €Y.
Then, (6.25) implies the discrete inf-sup condition
inf  sup b(u, A) > T
0ANEYs 0uex,, [[ullx[[Ally — C1 4 Co
Proof. Let A € Y, and define IT : X — X}, via ITu := IIy(I — II1)u + ITyu. Then, we have
b(ITu, A) = b(Ila(u — IMyu), \) + b(Ilyu, A) = b(u — Myu, A) + b(ITyu, A) = b(u, A).
Moreover, there holds
Mullx < [[Ho(I —I)ullx + [Thullx < (CL 4 C2)ullx.
This concludes the proof. |

6.3 The Stokes problem

6.3.1 Setting

We apply the general theory of saddle point-problems from the previous section to the Stokes
problem: Let  C R? be a Lipschitz domain. Find u = (u1,us) € H}(Q) x H}(Q) and p € L*(Q)
such that

—Au+Vp = f in Q (6.28a)
Veu = 0 in Q (6.28b)

for given f = (f1, f2)" € L*(Q) x L*(Q). Here, the operator —A is understood component wise,
ie. Au= (Auy,Aus)T'.

Remark. From a physical perspective, u denotes the velocity and p the pressure of a fluid in a case
where an equilibrium has been reached and the quantities do not depend on time anymore. The
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incompressibility condition V-u = 0 implies that the fluid can not be compressed (e.g. water). The
equation —Au+Vp = f describes conservation of momentum. The stationary Stokes problem (6.28)
stems from a severe simplification of the Navier-Stokes Equations and are physically meaningful
only in slow flowing fluids with high viscosity, e.g., honey. O

A weak form can be formulated as
/ Vu: Vv — / pV.-v = / fv Yo € (H}(Q))? (6.29a)
Q Q Q
—/ qV-u = 0 Vge L*Q). (6.29b)
Q

Obviously, the pressure is unique only up to an additive constant and hence one usually chooses to
satisfy fQ p = 0. This motivates the choice of space

12(Q) = {p e L}Q)| /Q p=0}. (6.30)

With this side-constraint, (6.29) is equivalent to the problem: Find (u,p) € (H(Q))? x L2() such
that

a(u,v) +b(v,p) = z*(v) Yo € (H} (Q))? (6.31a)
b(u, q) = 0 VYgelI?), (6.31b)
where
a(u,v) = / Vu: Vo (6.32a)
Q
bv,p) = -— / pV - v (6.32b)
Q
Existence of a unique solution for the Stokes problem results from Theorem 6.6 together with the
following theorem. (Note that the bilinearform a(u,v) satisfies a(u,u) = HVUH%Q(Q) and is hence
elliptic.)

Theorem 6.13 (deRham).  Let Q be a Lipschitz domain and recall the bilinearform b(-,-)
from (6.32). Then, there exists v > 0 such that

sup
0£p€L3 () o2ue(mp ()2 1Pz V]l (@)

>~y > 0.

6.3.2 FEM for Stokes

The finite element method corresponding to (6.31) reads: For X;, C (HZ())? and Y, C L2(Q) find
(up,pn) € Xp X Yy, such that

a(up,v) +b(v,pp) = z*(v) Yo € Xp, (6.33a)
b(up, q) =0 Vg € Yp,. (6.33b)
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From the abstract theory of saddle-point problems (particularly Theorem 6.6) we know that the
discrete spaces also need to satisfy an inf-sup condition, i.e.

b
inf  sup (v.p)

> 7, > 0. 6.34
0V S o B e (6.34)

Particularly from the Céa Lemma for saddle-point problems (Theorem 6.10), we want to choose
discrete spaces which lead to the same rate of convergence

inf — inf ||p— .
Juf Jlu—vlm@,  inf Ip—dllLao

This motivates the choice Xp, = (S3(7))? and Y}, = P°(T) N L2(92). However, this choice does not
satisfy a discrete inf-sup condition as we will show using a version of Euler’s formula for planar
graphs.

Theorem 6.14. Let T denote a regular triangulation of a simply connected domain Q2. Then,
there holds

#T =2#KNQ) +#(KNOQ) — 2.

With this, we see
dim(Yy,) = #T — 1 =2#(KNQ) + #(K N Q) — 3 =dim(X,) + #(LNoN) — 3.

Since #(K N 0) — 3 > 0 for all meshes with more than one element, we see dim(Y},) > dim(Xp).
This contradicts the inf-sup condition (see also Proposition 6.4) and hence this discretization does
not lead to regular linear systems.

In the following, we discuss a couple of valid choices of discrete spaces.

Theorem 6.15 (Taylor-Hood-type element). Let T denote a reqular triangulation of

Q. Let )
Xy, = (S3(T))", Y, = PY(T) N L2(Q).
Then, there exists a constant v > 0, which depends only on the shape regularity of T such that
b
inf  sup () > > 0.

0£peVh 02uexy |1PIlL2( 1wl m (o)

Proof. We apply Lemma 6.12. For that, we choose II; : (HE(Q))? — (S}(T))? C X, as the
Scott-Zhang interpolation operator (or any Clément operator). Particularly, this shows

| —Thull g2y < Chrllullg VT €T,
Mullgi@) < Cllullg o)

The operator Ils is defined elementwise via

Mou € (S3(T))> (6.35a)
(Luw)(V) = 0 YV eN(T) (6.35b)
/ng—u — 0 Vee&(T) (6.35¢)
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Obviously, Il is a well-defined linear operator. Moreover, a scaling argument shows for all T' € T
that

TaullZairy < ChE[|(HMau) 0 @172, ) < ChTlluo @1l 72(om, ) < Chiplluo @1l3p o,
= CW} [luo @rlaqr, ) + IVuo @rlta, |
< C’HuHL2 + C’hTHVuHHl ), as well as

ref)

ref

IVt 72y < ClIV(H2u) 0 @772, ) < CIV(U2u) 0 @72, ) < -+ < C | hp? [l T2y + Hquzl(T)} :
Altogether, this shows
IToull iy < C [ht ull 2oy + [l (em)) Vu e (HY(T))*.
This implies
M2 (X — I )ull g1 7y < Chztlu = yul| 2y + Cllu — Wyl giry < Cllull g1 g,

Summing up over all T' € T shows |[Ha(I — IIy)ul| g1(q) < Cllullg1(q)
For p € Y}, und u € (H}(Q2))?, we obtain

b(u — Iau, p) Z/V (u — Tlau) = Z/ (u —Tau) - np — /Vp (u —TIau) = 0.
oT

TeT TeT

-~

=0by construction of Iy

Theorem 6.16 (MINI-Element). Let T a regular triangulation of ). Let Bs :=
{u € HY(Q) | u|7 o @1 € span{bs}}, where bs is the cubic element bubble function bs(z,y) :=
xy(l — x — y) on the reference triangle Tyer. Let

= (S§(T) + By)”, Yy = SHT) NLA(Q).
Then, there exists a constant v > 0, which depends only on the shape regularity of T such that

b
inf  sup (u,p) >~ > 0.

0#pEYh 0£ue Xy, HPHL2 ||U||H1(Q)

Proof. Again, we use 6.12. Let II; denote again the Scott-Zhang operator. The operator Ily
is defined elementwise as follows: The bubble-functions by := b3 o CID}l satisfy supp br C T und
Bs = span{br | T € T}. We define

1 f Ul
II br r
Ul = o < [ >7

with u = (u1,u2). Then, there holds

I, : (H}(Q)? — B2 is a linear operator
Meullz2(ry < Cllullpery YT €T
IMoull gy < Chi'llullpery VT €T.
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Analogously to the proof of Theorem 6.15, we obtain [|Iz(I —IT1)ul| g1 () < Cllul| g1 (q). Moreover,
for p € SY(T):

b(u —Iau,p) = / pV - (u —Tau) = / p(u — au) —/ Vp - (u — au)
Q 0N Q

=0 due to boundary condition

_ Z / Vp|T (U _ HQU) by constrlgtion of Tl 0
K N~~~

TeT =constant
|
The most widely used discretization for Stokes is the following Tayler-Hood element.
Theorem 6.17 (Taylor-Hood). Let T denote a regular triangulation such that each

element T € T has at most one edge on 0). Define
2 2 1 2
X, = (80 (T)) , Yh =8 (T)NLIQ).
Then, there exists a constant v > 0 which depends only on the shape regularity of T such that

inf sup b(u.p) >y > 0.

0£pYh 0ue Xy 1Pl 22 () 1wl o)

6.4 Further remarks on mixed methods

Mixed methods can be useful if a direct discretization of a problem is difficult. We demonstrate
this for the biharmonic equation:

Ay = f in Q, (6.36a)
u = 0 on 0N (6.36D)
Ophu = 0 on 0N (6.36¢)

The classical weak form of the biharmonic equation is
Find u € H3(Q) such that / AulAv = / fv Yo € HE(Q). (6.37)
Q Q

To derive a FEM for the above problem, we need to choose discrete subspaces X}, C Hg(Q) Note
that the standard spaces S§ ¢ H 2(Q) do not work. By ensuring C'-regularity over element in-
terfaces, it is possible to construct piecewise polynomial spaces which are subspaces of H?(§2) (for
example the Argyris-element or the Hsieh-Clough-Tocher-element). However, such an implemen-
tation is complicated and not very popular among users. It is easier to change the weak form.
To that end, we introduce a new variable 0 = —Auwu. This leads to the following problem: Find
(u,0) € H} () x HY(Q) such that

Vo -Vw = / fw Yw € HY (), (6.38a)
Q

Vu - Vo — / ov = 0 Ve HY(Q) (6.38b)
Q
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Without looking into the solution theory of the mixed FEM, we note that we want to find (u,0) €
H} () x H(2). Hence, we only need to choose finite dimensional subspaces of Hi(Q) x H(Q),
which can be done by using classical polynomial spaces.

6.5 The Garding inequality
Often, an elliptic problem is perturbed by a lower order term such that the resulting problem is no
longer elliptic but satisfies a Garding inequality.

Definition. Let Xy, X7 denote Hilbert spaces with compact embedding X1 C Xy. A bilinearform
a: X1 X X1 — R satisfies a Garding inequality if there exist constants Cp, C1 > 0 with

a(u,w) > Cillulk, - Collulk,  Vue Xi.

Problems which satisfy a Garding inequality arise for example if one considers PDEs with lower
order terms.

FEzxercise 62. Consider

—Au—b(z) - Vu+c(z)u = f inQ,
u = 0 on 0f)

Show that the corresponding bilinear form satisfies a Garding inequality with X; = H}(2) and
Xo = Lz(Q) O

We use the following result from functional analysis:

Exercise 63. Let X, Y denote Banach spaces and let K : X — Y be a compact operator. Let
(ITny)nen a sequence of linear operators Iy : Y — Y with ||IIy] < 1 and Iy — Id pointwise
(i.e. impy_yoo Hyu = u for all w € Y'). Then, there holds

lim H(Id _Hh)KHY<—X = 0.
N—o0

a

For well-posed problems (i.e. the continuous equation has a unique solution) with Garding
inequality, the following result shows that their discretization is asymptotically quasi-optimal.

Theorem 6.18. Let X1, Xo be Hilbert spaces with compact embedding X1 C Xg. Let
a(-,+) satisfy a Garding inequality and let the induced operator A : X1 — X|, Au := a(u,-) be
bijective. Let (Xp)p>0 C X1 denote a sequence of closed subspaces such that

lim inf ||u— =0 Yu € X3,
B30 vEX e =llx, b .

Then, there exists hg > 0 and v > 0 such that for all 0 < h < hg

inf sup a(u, v)

G GV )
weXn vex, |[ullx l|v]x,
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In particular, there holds for the FEM error

Jall\ |
o=l < (1120 ing ol

Proof. Step 1: We show that there exists C > 0 such that for all u € X1 we find v € X7 of the
form v = u + z such that

a(u,v) = a(u,u+z) > Ciulk, (6.39)
lollx, < Clluflx,. (6.40)

The choice of z is motivated by the Garding inequality a(u,u) > C'1Hu||§<1 — C’0||u||§(0, ie
a(u,u+2) = a(u,u) + a(u, z) > C1|jullk, — Collullk, + a(u, z).
Hence, we choose z € X as solution of the (adjoint) problem
Find z € X; s.t.  a(w, z) = Co(w, u) x, Yw € X

In operator notation, this reads as
A"z = Ku,

where A : X; — X] is induced by the bilinearform a(-,-) and K : X; — X7 is defined via
(- Ku)x, xx; = ( Cou) x,-
We note that
(i) Since A is bijective, also AT bijective and [[A~T|| = [A7Y.
(ii) Since X; C Xj is compact, also K : X; — X/ is a compact operator.
The operator A~ 'K : X; — X, which maps u to z is compact. We obtain
a(u,v) = alu,u+z)> Cll\u||§(1

Jullx, + lzllxe < (1+ 11A7TK) llulx,.

IN

HU”X1

Step 2: For given u € X}, we construct v € X}, such that

Cy
a(u,v) > 7”“”%{1
[vllx, < Cllullx,

Let II, : X1 — X}, denote the orthogonal projection (in X;p). Following Step 1, we define v =
u + Iz € X}, for given u € Xj,. This shows

a(u,v) = alu,u+2)+a(u,Iyz - 2) > Cil|ull, — llaflllullx, | (Id ~T1,)2||x,
Cullull%, — llallx, [|(1d ~TTn) A~ TK|l||u%,

v
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Since K is compact and A~ bounded, also their composition is compact. Since Id —IIj, converges to
zero pointwise (according to the assumption), we obtain with Exercise 63 that limy, o ||(Id —I1;,) A~ TK|| =
0. Hence, there exists hy > 0 (independently of u) such that all 0 < h < hg satisfy

Cy
a(u,u + Ipz) > 7”“”%{1

Furthermore, v = u + Iz € X}, satisfies

loll, < llullx, + IMhzllx, < lullx, +lzlx < 0+ AT KD [ullx, -

Step 3: This shows the discrete inf-sup condition. Quasi-optimality follows from the Céa lemma. B

A bilinear form which satisfies a Garding inequality does not necessarily induce a bijective operator.
A famous result from functional analysis states however, that injectivity implies already bijectivity.

Theorem 6.19 (Fredholmalternative). Let a denote a bounded bilinearform on the
Hilbertspace X1, which satisfies a Garding inequality. Let the induced operator A : X; — X
be injective, i.e.

a(u,v) =0 Yv e X1 = u=0.

Then, A is already bijective.

Proof. The Garding inequality states

a(u,u) > Cillullk, — Collullk,
Consider a : X7 x X7 — R defined by

a(u,v) := a(u,v) + Co(u,v)x,

Due to the Lax-Milgram Lemma af(-,-) induces a bijective operator A:X > X 1. The difference
K:=A - A:X; — X] is compact since

(Ku, v)x1xx, = Co(u,v)x,
and X7 C Xy is compact. Hence A reads as
A=A-K=A(ld-A"'K).
The injectivity of A implies that 1 is not an Eigenvalue of the compact operator A'K. The theory

of compact operators shows that this implies that Id —A 'K is invertible and hence A is bijective.
|
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Chapter 7

High-dimensional problems

The number of elements in a regular mesh 7; in which each element T' € Ty, satisfies diam(7") ~
|T|"/® ~ h scales roughly like O(h~9), i.c., exponentially in the dimension. We remember the
a priori convergence of FEM which states

flu — UhHHl(Q) = O(h)

in case wu is sufficiently smooth. To compute up, we need to solve a linear system with #7j, elements.
The cost for this is at least O(#7;,) = O(h~%). Thus, in terms of cost, we get the estimate

[w = wp | g1y = O(N )

with N = #7},.

This shows that the convergence rate with respect to cost goes down in higher dimensions. For
d = 2, halving the error requires four times as many elements. For d = 4, the same error reduction
requires 16-times as many elements. This is usually called the curse of dimensionality and we will
look into two methods which are able to overcome this curse to some extent.

7.1 Sparse grids

To illustrate the idea, we first look at standard tensor interpolation: For a given set of intervals T,
let Q'(T) denote the continuous functions which are affine on each interval in 7. Let I;: C([0,1]) —
QM ({[k27, (k +1)27] ’ k=0,...,2 = 1}) denote the nodal interpolation operator in 1D, i.e.,

Iw(ty) = v(ty) forallt, =k27% k=0,...,2%

Note that Ipv(x) = x(v(1) — v(0)) + v(0). Hence, we have by Theorem 3.4 that | lov||z2(j0,1]) <
lvlleqoayy S vl o,y Moreover, we get Oxlov = v(1) — v(0) = fol Jzv(s)ds and hence the
estimate [|0zIovz2(p0,1)) < [Vl m1(j0,17)- Altogether, this shows

vl 0,17y < Cllvlla oy for all v e H([0,1]). (7.1)

We denote with I} that the interpolation operator is applied in dimension x. The approximation
on the d-dimensional tensor mesh

d
T2 = { k2" (ki + D27 | by, ka € {0, 20 = 1}}

=1
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3
5 2 i % % % % ;

2.5
3 i ; ; ;

15
1 K § ;

0.5

FiGURE 7.1. The different sparse grid contributions on the left stacked on top of each other
combine to the full grid on the right. The interpolation operator Iy = IZI [f; corresponds to one of
the grids on the left-hand side (e.g., grid number 1 for £ = (1,2) or grid number 5 for £ = (3,1)).

is given for v € C°([0,1]%) by
UPo)(@) = [ I (%) Y- xa) € QUTE),
where
oM7) == {v e o, 14 )|V1 < <d, (x; = v(z))|r is a polynomial of degree < 1}.
Similarly to the proof of the approximation theorem (Theorem 3.5), one can show
[0 = I oo (po,172) < C27 0]l 0.1

for v € C1([0,1]%). As we see, the computation of I;’v requires the evaluation of 24 points in [0, 1]

and hence is impractical for many purposes (if d = 100, and £ = 1, we would need 2!°° points).
The sparse grid idea is as follows: With the definition I_; = 0, we may rewrite
¢
(Ifo) (@) = > (I = I )2 . (I%) . ) (@, 3g)
¢1=0
¢ l
=3 > (I - I )R - I I (Ip) . ) (@ 3a)
¢1=0/¢2=0
= > (Ig) = I Uy = 17 y) - (I = Iy ) (0) ().
£=(Ly,... £a)€{0,....£}¢ A,

Lemma 7.1. For a subset u C {1,...,d} let Oy, := Hl 0z, denote the partial derivatives
in all directions in u. For sufficiently smooth v € C°([0,1]% ) there holds

[ Aevl| 1 (j0,174) < Cd2_‘£|HamuUHHl([O,l]d)v
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FIGURE 7.2. The circles represent the number of degrees of freedom of Ip in each coordinate
direction. The sparse grid approach only uses interpolation operators which correspond to circles
below the dashed line. This shape is the upper right quadrant of the so-called hyperbolic cross.

‘ where |€] :==41 + ...+ Lg and u C {1,...,d} contains each dimension i with ¢; > 0. ‘

Proof. Let mo = (z01,...,704) € [0,1]¢ and i € {1,...,d}. Choose k € N such that [k27¢ — x|
is minimal. Without loss of generality, we assume xq; > k2% (the other case works analogously).
Rolle’s theorem implies that there exists & € (k27 (k + 1)27¢) with

al'i(l - Ifi)v(xO,h e 0,156, TOi 41, - 7370,d) =0.

With this, there holds

Zo,i ]
(1 — Igzi)v(xo) = / , 8%(1 — Ifl)v(xOJ, Ce ,xo’i_l, Z, 1'0’7;4_1, ey xoyd) dz
k2—

To,i [Z

2

= / , / 8%11(:1)0,1, <y X0,i—15 t, LOi4+1y--- ,{L‘(Ld) dtdz
k2—¢ J¢g

< (k4 1)278 = k2793202 0(20,1, - -, T0i—1, s T0it15 - - -5 20.a) |l L2 k2t (k+1)2-1))

< 2*35/2”832,1)(%71, <o L0Gi—15 5 LOG+1y - - - ,xoyd)||L2([k2—1’.7(k+1)2—£]).

We define

Q= @ 71[0,1] x k27, (k + )27 x @, [0, 1.
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With dxo,,i = dl‘(),l NN dCL‘Oﬂ',ldCL‘O’iJrl “. dﬂ?o}d, this results in

11 = I7)oll72qy)

<273 / 102 v(0,1, - -+, T0,i—15 " T0,i41, - - - 7xO,d)||%2([k272’(k+1)27z]) dxg
(k+1)2—* (k+1)2
=27 33/ / / / / / |8 U $01,...,woyifl,z,xoyprl,...,l’o,d)‘QdZd.Z‘o
k2~ k2~
i— tlmes (d i—1)—times
(k+1)2—*¢ 1 p(k+1)2=¢
= / / / / \8%1_1)(95071, ooy xo’i_l, z, .%‘()’Z‘_H, . ,afojd)’Q dZ d.%'()’_i d.’L‘o}i
k2—t 0 k2—
(d— 1) —times

e [E e 40052 112
=2 [ ekl doos < 210200,

Since [0,1]¢ = Ui:olﬁk, we obtain
(1 = Il 20,110y < 27200201l 2 (0.170)-
Analogously, we show
IV = 17 )l 2,170y < 27 ||a:cszHL2 ([0,1]9)
and obtain
(L =I5l g o,agy < 27100l 1 (po, 174 -

If £ > 0, the triangle inequality concludes

(" = L7 )l o,y < H(1 = I vl qo,gey + 1L = L7l o,
< 27050l 1 o 130y + 271100 | 11 (0,170 (7.2)
< 2_£+2||3xivHH1([o,1}d)-

For ¢ = 0, we use (7.1) to show
1(Lg" = IZ) vl e o,ayey = 15 vl jo,114) < Cllvll g jo,114)- (7.3)
Let i1,. .., be the dimensions with ¢;; >0 for j = 1,..., k. There holds with (7.3)

(I =I5 ) - () = T Dol o,

= I( f[ (1 —17) ( f[ (I = 170) )l oo
i

£;=0 éi-:>10
d :BZ X, Z; Ty
< C H( L IZZ'1171> e (I&: — Iéi:fl)vHHl([O,l}d)‘
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From here, we may iteratively apply (7.2) in each dimension to get

.Z’il

H(IZ? - Ieil_ﬁ e (Iz;: - Ie,-;k_1)v||H1([o,1]d)

—4; Xy T L4 i
<2 1+2H81Ei1 (Ifi; - 1&22*1) cee (Ifi: o I&:*l)vHHl([Ovl]d)

_gi 2 Z; 73 T T,
=2 it H(I@i; — Ifi;fl) . (Iéi: — Iei:fl)axilUHHl([O,l]d)
< gkg—tip = —Liy, ||63521 8%.2 - 333%1]”1{1([071}(1).
Since k < d and u = {iy,...,ix}, the proof is complete. |

With the last result to obtain an error of 27¢, we may ignore all A, with [£] > ¢. This leads to
the sparse grid interpolation operator I, g defined by

Idv = Z Agpv. (7.4)

This truncation is illustrated in Figures 7.1-7.2. To analyze the error, we need the following nice
combinatorial identity.

Lemma 7.2. There holds

d—1

rd—1
#{£6N8H£|:j}:<]+ )

Proof. There are many proofs of this identity. A nice one goes like this: Imagine the index £ € N¢
as

1...1]1...1]...... 11...1
—— | S~
fl 52 Ed

This line contains the |¢| +d — 1 symbols z € {1,|}. Exactly d — 1 of the symbols z must satisfy

z = |. Hence there are (j Zf}l) possibilities. [

Theorem 7.3. The sparse grid interpolation error satisfies
—1o—t
(L= I vl g oy < CA%(C+ )27 ol 2. (o,179)

where

1]l 2

mix

(o) = X 102,01l L2((0.170)-

Proof. Given v € H?

mix

([0,1]%) we have with convergence of tensor interpolation in H'([0, 1]%) that

v= lim IPv = lim E Ag.
¢
{—00 {—00
£e{0,...,03d
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As shown in Lemma 7.1, we have
1Aev [l o,y < 4927 ¥ 0l 2 ((0,10)-

This implies that the series above converges absolutely and hence v = ZeeNg Agv. With this, we
may write the approximation error as

v—Igv: Z Agv.

d
ZGNO

|[e|>¢
Altogether, we have
v = I{]| (0,170 < Z [ Aevl] g1 (po,170) < 4dHUHH3ﬂX([o,1]d) Z 2~ 14,

d d
ZGNO eENO
|£|>¢ |e|>¢

The sum can be rewritten as
oo [ee] .
—lg _ —j . —j j+d-—1
SELED SEEDWED SE] (]
eend j={+1 £eng j=0+1

0 .
g4 |e|=j

where we used Lemma 7.2 for the last identity. There holds for x € (0, 1)

> ad <J ;f ) 1) =00 Y 2Tt d— 1) = 8§*If_—x/(d —1)!

j=£+1 J=0+1
d—1 d—1
=3 < . >8§xé+d8g_l_k(l —z)71/(d-1)!
k=0

since the series converges absolutely. There holds

<d . 1) O TR (1 —2) 7 /(d —1)!

k
(d—1)(d—2)---(d—k) gltd=Fk
= — 1 B T A1 B
k!'(d—1)! (E+d)-(btd=k+1)(d k) (1— z)dF
1 xﬁ-l—d—k: (f + d)d—l :L,K-i-d—k:
=—(({l+d)---l+d—k+1 .
gl d (o d =kt 1) g i < o
Inserting = 1/2, we end up with
PR (J ; 1 ) < (04 d)12
j=t+1 B
This concludes the proof. |

The representation in (7.4) is not really good for implementation due to cancelation effects
and the requirement to constantly transform coefficient vectors between different meshes. A better
variant is provided by the inclusion-exclusion formula which is an interesting combinatorial fact in
it self.

125



CHAPTER 7. HIGH-DIMENSIONAL PROBLEMS

Lemma 7.4. Ford € N and r < d, the binomial coefficient satisfies the identity

() - o)

Proof. The proof works by induction. For r = 0, there holds (g) = (dgl) = 1. Assume the
statement holds for » < d. Then, we have

()= o () e () o ((2) - ()

with n = d — 1 and k = r concludes the proof. |

The well-known identity

Lemma 7.5. With Ip:=1;'1,? ... Ifdd for € € N4, there holds

. d—1 . d—1
I} =Y (-1 B Y I
k=0 £end

0
|e|=¢—k

Proof. We rewrite (7.4) by

If=> Np= ) aply (7.5)

£end 2/ end
le|<e [e'|<e

for some ap € R. Given the definition
Ap = (I} = I )y = 12y - (L) = I y)
we note that a particular I, appears in (7.5) if and only if there exists £ € Nd with
0| <¢ and £ <(;</l+1 foralli=1,...,d. (7.6)

Moreover, the sign of that I, is determined by the parity (odd or even) of the number of dimensions
i with ¢; = ¢, +1. For ¢=0,...,d, let

Py(£) := {£ € N§ | £ satisfies (7.6) and £;, = ¢ + 1, k=1,...,q}.

Then, we observe P,(£') = (0 if [€'| > |€] — q. Moreover, since for each choice of ¢ indices i), we have
an element of P;(¢'), there holds
d
#re)= (1)

q

126



CHAPTER 7. HIGH-DIMENSIONAL PROBLEMS

This implies

d || 12|

ap =D (FD)THP(E) = Y (—1)T#P, ()

q=0

I
I
—_
=
N
Q0 Q,
~__

Q
o

(=}
Il
o

Lemma 7.4 shows for r = ¢ — |€'| < d

d—1
1 ZHV’( ] ) 7
k=0 2/ engd
€/ |=t—k
This concludes the proof. |

Lemma 7.6. The number of evaluations of v required for the computation of Igv 1s less than

d—1

d(“ - 1> 2f < d(¢ + d)~12.

Proof. We use the representation from Lemma 7.5. Each I,v requires 2/l evaluations of v for
computation. Lemma 7.2 concludes the proof. |

The last result together with Theorem 7.3 shows the following: A sparse grid of size h > 0 (this
means 2~¢ = h) allows an interpolation error of

(1 = 1Yol 1 o,y S (1 + [ log(h)])*h
for some exponent o € N with a cost of computation of I glv less than
O((1 + |log(h))*h™1).
This means that the error estimate with respect to cost reads
(1 = I7)0ll 720,170y S cost™

(up to logarithmic factors). The convergence rate is independent of the dimension.
Instead of the sparse interpolation operator, we may also consider the sparse Galerkin projection.
Define the (quad-)mesh

d
7. = { H[kﬂ‘ei, (ki +1)27%]

=1

kie{0,....25 —1},i=1,...,d}
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for £ = (01,...,44) € Ng. Note that we don’t have a triangle mesh any more. However, the abstract
theory just used the fact that

= 27

le|<e

is a closed subspace of H!([0, 1]d). Hence, we may apply all the results of the previous sections.

Theorem 7.7. We consider

—Au = f in [0,1]%,
w=0 on 9[0,1]%.

Assume that u € H2, ([0,1]%) and let uy € X, N HE([0,1]9) denote the unique Galerkin approz-

imation. Then, there holds

lu— WHHl([O,l]d) < o4+ d)d_12 HUHH2 (j0,1]4)-

mix

Proof. Note that Iru € Q'(7,7) by definition. This implies that Ifu € X;. Thus, the Céa Lemma
and Theorem 7.3 show the statement. |

Analogously to the proof of Lemma 7.6, we obtain that
dim(X, N HE([0,1]4) < d(€ + d)* 128

7.1.1 Examples of high-dimensional PDEs

There are many examples of high-dimensional PDEs in practical applications such as finance,
physics, and chemistry.

Electron-Schrédinger equation

One notable example is the Schrodinger eigenvalue problem: Given n € N electrons and m € N
nuclei, the goal is to to find the wave function v: R3® — C which gives a probability density of the
position z; € R? of the i-th electron. The wave function is a solution of the problem

1 n
-3 ;A%w(ml,...,xn) +( Zz|x —R|2 —i—Z Z |$Z_%’2> (T1y ..., Tn)

=1 j=1 =1 j=1+1
Laplace in every dimension z; force between electrons and nuclei force between electrons
= EY(xy1,...,x,).

The position of the nuclei of the atoms is given by R; € R and Z; is the charge of the j-th
nucleus. Finally, ¥ € C is the eigenvalue of the wave-function . The first part of the operator
(the Laplacian) is often abbreviated with 7" and the remaining part with V. This allows us to write
the equation as

(T + V) = Eip.
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We do not yet know how to solve eigenvalue problems, however in the simplified setting
T+Vyw=f

for some right-hand side f and Z; < 0 for all j = 1,...,m, we can derive a weak formulation
analogously to the previous chapters. (Note that a negative charge is not physical for a nucleous,
however, for Z; > 0 one needs Fredholm theory to show well-posedness of the weak form.) This
results in a problem with d = 3n and hence standard FEM is out of the question even for a moderate
number of electrons. It thus makes sense to approximate the solution 1 in the sparse grid space
Xp.

Black-Scholes equation

Another example is the Black-Scholes equation in finance. The Black-Scholes equation is a PDE
which describes the price u(t,y1,...,yq) of a financial derivative (in our case a European basket
option) as a function of the prices y;, i = 1,...,d of the underlying assets (e.g., some stocks) and
time. A European basket option is a product which gives the owner the right to buy a collection of
d stocks (the basket) at a fixed price K > 0 at a fixed time 7" > 0 in the future. Obviously, if the
price of the d stocks in the basket at time T is larger than K, then the owner of the option makes
a profit (as they buy it for price K). This profit (and hence the fair price of the option at time T)
is given by

d
w(T,y1,-..,yq) = max <Zyi_K70> :

i=1

Since we would like to buy the option at some time ¢ < T and hopefully make a profit, the
goal is to find the fair price u(t,y1,...,y4) (and hope to buy it cheaper). Since the prices y; are
always assumed to be positive, one may replace z; := log(y;) € R to obtain the (log-transformed)
Black-Scholes equation. This is a parabolic PDE given by

Owu(t, x) + %div(C’Vu(t,:n)) +b-Vu(t,z) —ru(t,z) =0 for (t,z) € [0,00] x R%

The parameters 7 > 0, C € R¥? and b € R? depend on specific assumptions on the financial
market. For example C' encodes the correlation between different stocks and r > 0 is the interest
rate at which one can borrow cash to buy stocks.

While we don’t know how to solve time-dependent PDEs yet, we see that the x-dependent part
is a PDE in d dimensions. Hence, standard FEM is not applicable even for a moderate number of
stocks. It thus makes sense to approximate u(t,-), for fixed ¢ > 0, in the sparse grid space A.

7.2 Neural Networks for solving high-dimensional problems

Artificial neural networks are extremely versatile and have been shown to posses almost all the
approximation characteristics that classical methods (sparse grids, polynomial interpolation, FEM,

..) enjoy. On the downside, they are mathematically harder to study and often lead to non-linear,
non-convex interpolation problems.
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7.2.1 Definition of Neural Networks

Artificial Neural Networks (or just networks or neural networks in the following) are a class of
functions F: R® — R which can be represented by a number of parameters (also often called
weights). In that regard, neural networks are no different to the class of polynomial functions, or
the class of rational functions.

Directed acyclic graphs

A directed acyclic graph (DAG) is a finite set of vertices V and edges £ such that each edge
(v,w) € € connects a vertex v € V with a vertex w € V. The graph is called directed if the edges
have a direction, i.e., (v, w) # (w, v) in general. A path in a graph is a sequence of vertices vy, ..., vp
such that (v;,vi+1) € € for alli =0,...,n — 1. A cycle is a path such that vy = v,. A graph is
called acyclic if it has no cycles.

We call

7= {UEV‘(w,v)géSforallweV} cvy
the input of the DAG and

O:={veV|(vw)¢EforalweV}CV
the output.

Lemma 7.8. The input and output of a DAG are nonempty and each vertex v € V is
connected to L and O by at least one path. If each vertex in V has at least one edge connected
to it, T and O are also disjoint.

Proof. Pick an arbitrary vertex v € V and build the longest path vy, ..., v, that contains v = v;
for some 0 < i < n. Since the path is maximal, there is no edge (w,vg) € £ for any w € V. Thus,
vg € Z. Similarly, there is no edge (v,,w) € € for any w € V, so v, € O. f TN O # (), there exists
z € TN O with (z,w), (w, z) ¢ & for all w € V. This contradicts the assumption that each vertex
has at least one edge connected to it. |

As is shown in Lemma 7.8, each vertex v € V is connected to the input by at least one path
of some length n € N. Since (V, ) has no cycles, the longest possible path has length #). Thus,
there exists a maximal path length m < #V with vg,...,v,, € V such that vy € Z and v,, = v.
With this, we may define the layers of a DAG as follows

L) := {UEV‘max{n€N|on---7Un€Va Vo GI?”HZU}:K}'

Lemma 7.9. There holds V = Jyen £(£) and L)L) =0 for £ # ', There exists L € N
with L(€) =0 for all £ > L and L(L) C O.

Proof. Since the length of the longest path is unique (even if the longest path itself might not be),
the L£({) are disjoint by definition. As argued above, each vertex has a longest path connecting it to
the input Z. Thus, V = [J,cy £(¢). Since V is finite, there must exist minimal L € N with £(¢) = ()
for all ¢ > L. Assume that v € £L(L) and some w € V satisfy (v, w) € £. Then, there would exist a
path of length L + 1 connecting w to the input, which contradicts £(¢) = () for all £ > L. Hence,
L(L)CO. |
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FIGURE 7.3. Ezample of a neural network DAG: To compute the realization R3(x)1 (corresponding
to the marked vertex), the dependencies on previous layers marked in red have to be resolved, i.e.,

Rg(&?)l = ¢<W 1) (3) R1($)1 + W, 0 o Ro(ﬂ?)l + W, = o RQ(JE)l +b (3)).
(v; 7v7™7) (v175v177) (v1775v77) U1

Artificial Neural Networks

An artificial neural network (or just neural network) is a DAG (V, £) together with a weight vector
W € R¢, a bias vector b € RY, and an activation function ¢: R — R. Popular activation functions
are

ReLU: ¢(x) = max{xz,0}

o leaky-ReLU: ¢(z) = max{z, 6z} for some 0 < § < 1.
o sigmoid: ¢(z) =1/(1+ €®)

o swish: ¢(x) =x/(1+ e ")

o softplus: ¢(x) = log(1 + €®)

Note that the activation function must be non-linear, otherwise the network would be equivalent
to an affine function as we will see below.

Remark. Note that in practical applications, all sorts of (and combinations of) activation functions
have proven themselves useful. In the mathematical analysis of neural networks, the choice of ¢
often doesn’t make a real difference and one sticks with simple choices such as ReLU. O

Since each layer is finite, it makes sense to introduce an enumeration of their elements, i.e.,

{4 l
E(E) - {'Ug )7' . '70;2(5)}7

and
O ={?,.. .,Ugo}.
)

Note that if O # L(L), it is possible that two nodes have different numbers, i.e., vlo = v](. for some
1,7 and ¢ < L. See also Figure 7.3 for an example of the layer structure.
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The realization function R maps a neural network N’ = (V, £, W, b, ¢) to a function R(N): R#Z —
R#O as follows: Define Ry: R#Z — R#£() iteratively by Rg :=id and for £ =1,..., L —1

=1 #L(k)
(Re(x)); := ¢(k_0 Z:: W 0 0, Rel@); + b)) foralli=1,... #L(0)
- (UJ(k)J,Ugé))eg
Finally, we define
L—1 #L(k)
(RN @)=Y > W(v§k)’v?)7zk(x)j +b,o foralli=1,. .. #0.
k=0 =1
(Ug,k)J,v?)Gg

See Figure 7.3 for an illustration of the concept.

Feed forward networks

A very common subset of neural networks are feed forward networks. They correspond to DAGs,
where

L—1
E = U {(v,w) 6VXV‘U€£(£),M€E(€+1)}7
/=0

i.e., all nodes of subsequent layers are connected to each other, but there are no connections that
skip layers (see Figure 7.4 for an example). Due to this simpler structure, feed forward networks
can be written as iterated matrix-vector products. We define the weight matrices

W, € RFEEALED (W), .= W forall =1,...,L

(Dt
and the biases
by € R¥£O (b)), := b forallt=1,.. L.
The realization of a feed-forward network A simplifies to Rq := id and
Ri(z) = (W Rp—1(x) +by) foralll=1,...,L—1
and R(N)(z) := W Rp_1(x)+ by.

Training of neural networks

In the following, we will fix the DAG and just consider the weights and biases. Thus, we write
R(W,b) instead of R(N). Note that fixing the DAG determines a set of admissible weights and
biases, i.e.,

(W,b) e WN) :=RE xRV,
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FIGURE 7.4. Example of a feed-forward neural network DAG.

As with interpolation in polynomial spaces, one can try to approximate given data with neural
networks. Given z1,...,zy € R#¥Z and y1,...,yn € R#O, the approximation problem is to find
weights W and biases b such that

N
LW, b) :=> [R(W,b)(x;) — 3> — min. (7.7)
i=1
The function £(W,b) is called the loss function (note that there are many other useful definitions
of loss, but the least-square loss is the most common).
Due to the non-linearity of (W,b) — R(W,b), we have to use a non-linear optimization
method. One of these methods is Gradient descent.

Algorithm 7.10. Input: function f: R — R, starting value wy € R and step-size o > 0.
For£=0,1,2,... do:

1. Compute gradient Gy := V, f(wy) € RZ.
2. Update wpr1 = wp — aGy.

Output: sequence of approximations wy of the minimizer of f.

Remark. Obviously, the gradient descent algorithm (Algorithm 7.10) can be applied to minimize
L(W,b) by embedding (W,b) € R#€+#V and setting wy = (W, by). O

Remark. Note that for non-linear, non-convex optimization, convergence of (W, by) to the true
minimizer is all but certain. This is the reason, why most results about approximation by neural
networks fall into one of the following two categories: (1) Results that show that a neural network
with certain approximation properties exists and (2) results that show that a certain optimization
algorithm will find a network with certain approximation properties. Naturally, category 2 is much
harder to prove than category 1. O

Remark. Note that practical implementations of machine learning often use Stochastic Gradient
Descent instead of plain gradient descent. The only difference to Algorithm 7.10 is that instead
of computing Gy = V(w 4)L(W, b), one randomly selects m < n (the so-called batch size) indices
1<iq,...,%m < N and computes

StocC. n S
Gét h = EV(Wg,bg) Z ’R(W€7 bf)(xl]) - yij |2 ~ V(Wg,bg)ﬁ(we7 bf)
7=1
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in Step (1) of Algorithm 7.10. Often, one uses m = 32. The algorithm has several practical
advantages such as:

e more optimization steps for the same cost,

e often more efficient as the batch size can be optimized such that GztOCh can be computed in
the fast memory close to the processor,

e stochastic nature of G5'°" can prevent getting stuck at local minima.

The mathematical analysis of stochastic gradient descent is very similar to plain gradient descent,
since one can rely on the fact

EGHM = Vw6, L(W ¢, b)) = Gy

7.2.2 Approximation of PDEs with neural networks
The Deep Ritz method

Many partial differential equations are derived from energy minimization problems. For example,
the Laplace equation is derived from the minimization of the Dirichlet energy

J(u) ::;/Q]Vuﬁdaj—/ﬂfudaz

for given f: Q2 — R. Instead of searching for the energy minimizer u in a FEM space, we can search
for a neural network that minimizes the energy. This is the idea behind the Deep Ritz method. 1t
trys to solve the problem

L(W,b) = % /Q VR(W, b) ()2 dz — /Q F(@)R(W, b)(z) dz — min.

If we restrict the minimization to H'(£2), minimizing J(u) is equivalent to solving the Neumann
problem

—Au=f with 0Jd,u=0on 9.

If instead we want to solve the Dirichlet problem, we have to include a penalty term for the deviation
from the boundary condition, i.e., we have to minimize

L(W,b) = ;/ﬂ IVR(W ,b)(z)|? dz — /Q F(@)R(W,b)(x) dz + Bl[u[ 7250y — min,

where S > 0 penalizes u % 0 on 0f).
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Application to Eigenvalue problems

Eigenvalue problems are another class of PDEs that can be solved with neural networks. Given a
Hilbert space V and a self-adjoint, positive definite operator A: V — V*, we search for the minimal
eigenvalue-eigenfunction pair A > 0, vy € V with Avy = Avy and ||vy|]|y = 1. The idea is to search
for a neural network that minimizes the Rayleigh quotient:

AR(W ,b) ; R(W, b))
IR(W,b)|%

— min.

L(W,b) = <

Lemma 7.11. Let H denote a Hilbert space with V.C H C V* such that A~': H — H
is well-defined, compact, self-adjoint, and positive definite. Then, the minimizer of J(v) :=
(Av ; v)/||v||3 is an eigenfunction of A with minimal eigenvalue.

Proof. The spectral theorem of self-adjoint and compact operators gives an orthonormal basis
(b;)ien of H such that A='b; = p;b; with py > po > ... > 0. Since A is invertible and positive
definite, any eigenpair (x,\) of A satisfies A\ > 0 and A~'z = x/\. Conversely, any eigenpair
(y, 1) of A~! must satisfy Ay = y/u. Hence, the eigenvalues of A are given by \; := 1/u; and the
eigenfunctions are the same. Given z € H with x = Y 2%, a;b; and [|z|% = Y00, a? = 1, we have

00
=1

(Ax ;) = i)\ia? >\ Za? =\
i=1 %

Moreover, x := by attains the minimum J(x) = A;. n

Physics informed neural networks (PINNs)

Given an (nonlinear) operator L: X — Y with a normed space Y, we can consider the equation:
Given f €Y, find u € X such that

L(z)=f.

If the solution is unique, we can equivalently search for the minimizer of |L(z) — f||y for z € X.
This corresponds to the optimization problem

L(W,b) = |L(R(W,b)) — f||> — min.

The problem with this approach is that in many applications Y is the dual space of some Banach
or Hilbert space (e.g., Y = H~1(Q)). In this case, the norm || - ||y is not easily computable and
often replaced by some other norm. This can introduce systematic errors in the approximation.

Weak adversarial method

This method circumvents the problem of the dual space norm by using a weak form of the PDE.
We assume that we have normed spaces X and Y and a weak form of the equation given by: Find
u € X such that

a(u,v) = f(v) forallvey. (7.8)
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Note that we do not assume that a(-,-) is linear or elliptic, just that a unique solution v € X \ {0}
exists. The weak adversarial method consists in searching for one neural network the represents
the solution, and for another one that tries to find the error, i.e., we solve

N (a(ROW,)(), ROV 6)()) ~ F(ROW 1)) )
(WBEWN) (W) o) I[RW, b)) IZIRW. ) ()3

Lemma 7.12. Let (u,v) € X XY solve

(alw0) — F@D? | fallv) — 0)*

lul% v l$ wexyey WXV

Then, wu is the solution of (7.8).

Proof. We know that (7.8) has a unique solution that we call ug for the moment. We need to
show u = ug. There holds

D inf sup @) SO0 (e, 0)) - £

=0.
WEX ey ”U/H?XH'U/H%/ v'ey HUOH%(HU,H%

This implies
(a(u, o) = f(v))?

lul% 11113

=0 forallv €Y,

which is equivalent to (7.8). Since the solution is unique, we have u = uy and conclude the proof.
|

7.2.3 The elephant in the room: Quadrature

We observe that all examples above require us to compute integrals over €2 of some form with the
integrand being a neural network (norms, scalar products,...). This is a non-trivial task for several
reasons:

e (lassical quadrature works well in low dimensions and with regularity assumptions on the
integrand. In both cases, we would rather use classical methods such as FEM to solve the
PDEs, as they will be much faster.

e We could use Monte-Carlo quadrature without requiring any regularity of the integrand. But
this gives only a very slow convergence rate of n~'/2 on average. Sparse grid quadrature
methods require a lot of regularity of the integrand to work in high dimensions and if this is
the case, then one would rather use sparse grid FEM.

e The following theorem shows that the slow Monte-Carlo convergence rate cannot be improved
by much in high dimensions and hence all PDE approximation methods based on neural
networks will suffer from this slow convergence rate. Therefore, neural network based methods
can only compete in very high dimensional problems where classical methods (even sparse
grids) fail.
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We require a geometric observation: Given a (d + 1)-dimensional cube @ of sidelength a with
2(d + 1)-hyperfaces Q1, ..., Q24+2, we define subsets
P={zeQ ‘ dist(z, Q;) = j:lf.r.l.i,IQId+2 dist(z, Q;) }-
The objects P; are called (hyper-)pyramids over their respective bases @;. Analogously, given any

hypercube @ C R%, we can construct the cube @ C R with rotated and translated copies of Q
as faces. The corresponding pyramid with base () is then denoted by Fg.

Lemma 7.13.  Given a cube Q C R? of sidelength a > 0, the (d + 1)-dimensional volume
of Py is given by Q(dﬁrl)adﬂ and the height of the pyramid over a point ' € Q is given by

dist(2/, 0Q).

Proof. By construction, the P; are disjoint and Q U2(d+l P;. This implies the volume formula.

Let z = (2/,h) € R with 2/ € Q; and let Q; be any other face of @ apart from the opposite
one.Since F := Q; NQ; C 0Q;, we have dist(z',0Q);) < dist(z’, F'). Since @Q; is orthogonal to @, it
is parallel to the (d + 1)st dimension. This implies

dist(z, Q;) = dist(2, F) > dist(2’,0Q;) and dist(z,Q;) = h. (7.9)

Thus, the fact h < dist(2/, 0Q;) implies that dist(z, Q);) is minimal among the distances to the faces
of @ apart from the opposite one. The distance to the opposite face, however, is given by a — h.
Since h < dist(z’,0Q;) < a/2, there holds a — h > h, and we conclude x € P;.

On the other hand, if we choose Q; such that dist(a’, F') = dist(z’,0Q;), we have equality
n (7.9). Thus, h > dist(2’, 0Q;) implies = ¢ P; (since the distance to @; is definitely smaller). This
shows that the height of the pyramid over 2’ is given by dist(2’, dQ;) and concludes the proof. W

Theorem 7.14. Let Q = [0,1]%. Then, for each set of quadrature points z1,. .., z, € Q, there
exist a neural network with activation function ¢(z) = max{z,0} (ReLU), #Z =d, #0 =1,
and weights (W ,b) € W(N') such that [|[R(W,b)||pe ) < 1/2, [VR(W, b)) < 1,

/RW b)( (dil)f(nﬂ)l/dldl and R(W,b)(z) =0 foralli=1,...,n

Moreover, the number of parameters (weights and biases) is bounded my O(d?). In particular,
for fized dimension d, any quadrature formula Y ;" | wiR(W,b)(z;) with arbitrary weights w; €
R has an error of at least O(n~(+1D/d),

Proof. For simplicity of presentation, we assume that logy(d) € N, i.e., that d is a power of two.
The general case can be treated analogously, with a bit more bookkeeping.

Step 1: First, we observe that min{a;,as} = — max{—a1, —as} = a1 — max{a; — as,0}. Given
ai,-.-.,am € R, this implies the recursive formula
min{ay, ..., ay} = min{min{ay, ..., ap o}, min{a,, 941, .-, am}}
=min{ay, ..., a2} — max{min{ai, ..., a, 2} — min{a,, /241, .., am},0}.
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We can use this formula to construct a neural network that computes the minimum of m = 2F
numbers. To that end, define the weights and biases

10 0
-1 0 O
1 -1 0 0
Wm,U _ e R3m/2><m’ bm,O — e R3m/2’
0 1 0 0
0 -1 0
0 1 -1
1 -1 -1 0 0
W,,=]0 0 0 1 -1 -1 0 | crmzsmz p  _|.|cgm?
' 0
Note that for all z = (x1,...,zy) € R™, there holds
R((W .0, Win1), (b0, bm,1)) (@)
=Wi0(x1, =21, 21 — 22, .. ., Ti—1, —Tm—1, Tn—1 — Tm))
= (p(z1) = d(=21) = D1 — T2), .., (Tm—-1) = D(—=Tm-1) = ¢(Tm-1 — Tm))
= (r1 —max{z; — x2,0},...,2m—1 — max{Tm—1 — Tm,0})
= (min{z1, 2}, ..., min{zm_1,zm}) € R™/2,

Thus, with ﬁ// = (me, Wm71, Wm/2,07 Wm/g,l, ey W270, W271) andg = (bm70, bm71, . ,b270, b271),
we have for all z € R™

R(ﬁv/,g)(aj) = min{z1,...,z,} €R.

Step 2: Let ng = [(n + 1)/4]¢ > n + 1 denote the smallest number such that n(l)/d e N. We
partition € into ng cubes Ii,..., Iy, of sidelength a = ny d - The pigeonhole principle implies
that there exists j € {1,...,no} with I; N {z1,...,2,} = 0. We define 5; > 0 such that [; =
H?Zl[ﬁi, Bi + a]. We consider the function

G(z) = mindmin{max{xi — 5, 0}, max{B; + o — x;,0}}.

i=1,...,

We construct W and b as in Step 1 with m = 2d. Moreover, we define

—p1
11 8 B1+a
Wy = o0 1| b= :
0 -1 —Ba
Ba+ «

With thiS, we deﬁne W .= (Wo, meo, Wm,l, ey WQ,(), W271) and b := (bo, bm,(), bm,l; ey b270, b2’1)
and observe

R(W,b)(z) = G(z) forall x € Q.
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0.2

0.15 -
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FIGURE 7.5. Schematic illustration of G(x) in red and quadrature nodes z;, j = 1,...,35 in black.

Step 3: Lets investigate the function G further. For x ¢ I;, there holds G(z) = 0 and hence
R(W,b)(zj) =0forall j =1,...,n. For x € I;, we note that G(x) measures the minimal distance
of = to the boundary of the cube I;. According to Lemma 7.13, G(x) measures the height of the
pyramid Py, over x € I; (see Figure 7.5 for an illustration). Hence, we have

1 e
/QR(W,b)(CU) dr = /QG(x) dx = vol(Pp;) = madﬂ _ mno .

By definition, we have 0 < G(z) < /2 < 1/2 for all x € . This implies [|R(W,b)| 1) < 1/2.
Moreover, apart from a set of measure zero, we have

VG(z) =0 or VG(z)=(0,...,0,£1,0,...,0),

where the position of the non-zero entry depends on which term of the minimum is smallest for the
given z. This shows |[VR(W,b)||r=(q) < 1. Finally, the number of network parameters is

log,(2d)
@d)d+2d+ Y (3 9%/9 4 3.21/2 43 2% /4 4 22'/2) — O(d?).
=1

This concludes the proof.
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Remark. With similar arguments, one can also show that the L°-error in any neural network
training will suffer from the curse of dimensionality. Suppose an arbitrary training algorithm which
gets data x1,...,zy € R#T and outputs y1,...,yn € R#¥P. Even if the true function F that
produces the data, i.e., y; = F(z;) for i = 1,..., N, satisfies ||F|pc(q) S 1 and [|[VF|pec) S 1,
we can always construct a function F := F + G, where G is constructed similarly to the function
in the proof of the previous theorem. Then, F(z;) = F(x;) for all i=1,..., N and Hﬁ”Loo(Q) <1
and ||Vﬁ leo(@) S 1. The hypothetical training algorithm cannot differentiate between F' and F
and thus produces an output network N that satisfies

max{|R(N) = F|| (), IRN) = Fll ooy} > [Gllpeoe)/2 > ng /4,

In order to push the error below £ > 0, we require ng > O(e_d_l), which is exponential in the
dimension of the data-space.

A much more detailed and general version of this argument can be found in [Gro|. In general,
the training of neural networks will suffer from the curse of dimensionality, even if there exist
networks that approximate the exact solution very well in theory. Analogously to the quadrature
case, one can argue that the error in the L?-norm will be of some order N~* for small s > 0 and
does not necessarily suffer from the curse of dimensionality. O
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Appendix A

Some Facts from Functional Analysis

I this appendix we collect some results from introductory functional analysis courses which are used
throughout. We stick with the case of vector spaces over R.

A.1 Main Theorems from Functional Analysis

Theorem A.1 (Hahn-Banach Extension Theorem). Let p : X — R be a sublinear
functional on a linear space X, i.e. p(x +y) < p(z)+ p(y) and p(Az) = A\p(x) for all z,y € X
and A > 0. If Y is a subspace of X and f : Y — R is a linear functional with f < p onY,
there is a linear extension F : X — R with Fly = f and F <p on X. |

If X is a normed space and f € Y*, one may choose p(x) = ||z||x|| f||x* to prove the extension
theorem for continuous linear functionals.

Corollary A.2. IfY is the subspace of a normed space X and f € Y*, there is an extension
FeX* ’withF|y:f cdeFHX*:Hf\y* |

One then considers the subspace Y := span{z} and f(Az) = \||z||x to derive the following
corollary:

Corollary A.3. If X is a normed space and x € X, there is a linear functional f € X* with

[fllx+ =1 and f(z) = [lz]lx = A |f(@)]. u

Theorem A.4 (Hahn-Banach Separation Theorem). Let X be a normed space, and
let A and B be convex, nonempty subsets of X with AN B = 0.

(1) If A is open, there is a linear functional f € X* and a scalar A € R such that f(xz) < XA <
f(y) forallx € A andy € B.

(i) If A is compact and B is closed, there is a linear functional f € X* and scalars A1, A\ € R
such that f(x) < A\ < X2 < f(y) for allz € A and y € B. |

If Y is a subspace of X, one can use (ii) to characterize the closure Y of Y in X. The proof
only needs that each bounded linear functional f € Y* is trivial, i.e. f|y = 0.



APPENDIX A. SOME FACTS FROM FUNCTIONAL ANALYSIS

Corollary A.5. LetY be a subspace of the normed space X. Then, x € X satisfies x € Y if
and only if f(x) =0 for all f € X* with f|ly = 0.

Proof. For € Y and f € X* with f|y = 0, continuity yields f(z) = 0. The converse implication
is proven by contradiction: We assume that x ¢ Y and choose f € X* such that f(x) < X < f(y)
for all y € Y and some fixed A € R. Using that Y is a vector space, we infer that A < f(+y) =
—f(Fy) < —X and thus f(y) € [\,—A] for all y € Y. As bounded linear functionals are trivial,
we obtain fly = 0. According to our assumptions, this implies f(z) = 0 and thus contradicts

flz) <A< f(0)=0. u

The following corollary is an immediate consequence of the last one.

Corollary A.6. LetY be a subspace of the normed space X. Then, Y is dense in X if and
only if each functional f € X* with fly =0 is trivial, i.e., f =0 € X*. [ |

For an operator T' € L(X;Y), one defines (T*y*)(x) := y*(Tz) for all y* € Y* and z € X.
From the continuity of T', we see that T*y* € X*, and obviously T : Y* — X* is a linear operator.
From the corollary of the Hahn-Banach extension theorem, we derive for the operator norm

[T = sup |[T7"|[x-= sup sup (T"y")(x)
lly*ly==1 ly* ly==1 |zl x=1
= sup sup (y*)(Tx) = sup [Tz|y = [Tl

[zl x=1{ly*[ly«=1 llzllx=1
i.e. there holds T* € L(Y™; X*) with operator norm ||T*|| = ||T'||. The operator T* is called the
adjoint operator of T
Theorem A.7 (Banach Closed Range Theorem). For an operator T € L(X;Y)

between Banach spaces X and Y and T* € L(Y*; X™*) its adjoint, the following is pairwise
equivalent:
(i) range(T") is a closed subspace of Y.

(i) range(T) = (ker T*), := {y € Y | Vy* € ker(T*) y*(y) =0}.
(iii) range(T™) is a closed subspace of X*.
(iv) range(T*) = (ker T)° := {a* € X*|Vz € ker(T) a*(x) =0}. [

A.2 Hilbert Spaces

A space X is called Hilbert space if it is a Banach space whose norm is induced by a scalar
product.

Theorem A.8. LetY be the closed subspace of a Hilbert space X and Y+ = {a: eX ‘Vy €
Y (z;y)x = 0} the orthogonal complement. Then, there holds X =Y @ YL in the sense of

the linear algebra, i.e. every element x € X has a unique decomposition x = y 4y~ with some
y €Y and yt e YL [ |



APPENDIX A. SOME FACTS FROM FUNCTIONAL ANALYSIS

L J

With the orthogonal decomposition X =Y @ Y1, one can define a projection 7y : X — Y by
r=1y-+ yl =Y.

Corollary A.9. LetY be the closed subspace of a Hilbert space X. Then, there is a unique
linear operator 11 : X — Y with |y = id and ker(I) = YL, which is called orthogonal

projection onto Y. This projection is continuous with operator norm ||I1|| = 1 and symmetric,

ie. (x;y)x = Uz ;y)x for allxz € X andy € Y. Moreover, the orthogonal projection is the

solution operator for the best approrimation problem, ||z — x| x = mi}r/l |z —y|lx- [
ye

The dual space X* of a Hilbert space X has a straight-forward representation, and one can
somehow identify X with X*.

Theorem A.10 (Riesz). For a Hilbert space X, the Riesz mapping Ix : X — X*,
Ixz:= (z;-)x € X*, is an isometric isomorphism. |
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